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Chapter 3. Elastic Waves and Quantum Mechanics

AANn ocea traveler has even more vividly the impression that
the ocean is made ofwavrehhan t hat it i s made of wate

Y% Arthur S. Eddington

3.1.Introduction

ié we must hang on to the basic ideas o
% Paul Adrian Maurice Dirac [1989]

The theoetical developments discussed in this book were accompanied by myriad
experimental discoveries, most notably in the laboratories of J. J. Thomson [Fijuradhis
student (and later successor at Cambridge) Ernest Ruthfffigure 32 . J. J. Thoms on¢
of cathode rays led to his discovery of the electron [1897]. Rutherford [1911, 1914] observed
that beams of alpha particles occasionally scatter at large angles from a thin target. This
observation led him to propose that atoms contain a positively charged nucleus of extremely

small size (of ordefl0*? cm radius) surrounded by a much larger volume (of ot@e? cm
radius) of negatively charged electrofifie Rutherford atomic model became the basis for all
future theories of atomic structure.

We have already mentioned the beginnings of quantum theory in the introduction to the
previous chapter. Now we will discuss events which led to the developmamnwaie equation
for the electron. This synopsis is based largely on Whittaker [1954].

According to Bohrdos atomic model [ Bohr 191
are:

2p%e'm e'm 1
W=- =- =-R= 1

h*n? 2>°n? n’ @

whereR is called the Rydlrg constant. Radiation is emitted when an electron drops from a
higher energy level (largam) to a lower energy level (smalley), and the frequency of the
radiation is proportional to the difference in energies.

William Wilson [1915] and Arnold J. W. Samerfeld [1915a1915b, 1916a] [Figure 3].
recogni zed Bohr 6s qguantizati on of angul ar m

quantum numben) to be a special case of quantization of actifjydq =h, whereq is a

coordinate variable angl is the corresponding momentum. Sommerfeld explained much of the
0fine structured of hydrogen spectr al l i nes



including relativistic inertia corrections and a new azimmbtfuantum numbeét. The relativistic
correction to the energy levels of hydrogiée atoms is:

4 4
pw= R %

c>>?  nk(k- 1) @

The fine structure constang?/c>° 1/137, represents the ratio between the velocity of trst fi
Bohr orbit and the speed of light [Whittaker p. 120].

Karl Schwarzchild [1916] and Paus Sophus Epstein [1916] used action quantization to
derive the spectral line shifts for hydrogen in a strong electric field (Stark effect). Sommerfeld
[1916b] and Peer Debye [1916] explained the splitting of spectral lines in a strong magnetic
field (Zeeman effect) by using three quantization conditions: ene)gyn@gnitude of orbital
angular momentuml (=k - 1¢ n), and component of angular momentumatial to the applied

magnetic field in). Note that|n1 ¢ 1. Quantization of a single component of angular momentum,

termed Ospace quantizationd, was verified whe
silver atoms into two discretmmponents simply by applying a nonuniform magnetic field.

Principal spectral lines of alkali elements (e.g. Na) are doublets which could not be
explained by the aforementioned quantum numbers. Various schemes were proposed to include
an additional angatr momentum quantum number which was generally supposed to be
associated with the atomic core. Wolfgang Pauli disputed this identification of core angular
momentum in part because it led t@dependence in the relativistic energy shifts. He instead
attibuted the quantum numbgert o t he r adi ant e | e dassicallypynow h i c h
describable twevaluedness . Paul i [ 1925] al so observed that
numbersn, k, j, andmt o a singl e el ectr onasgandisent withxhe |l usi o
notion of electron shells (proposed by Edmund C. Stoner and J. D. Main Smith) which close
when all of the quantum numbers for a given value arfe filled by electrons.

Ralph Kronig realized that selbtation of the electron withngular momentum o$/2
would explain theZ*-dependence of the doublet energy shifts, but since his calculation of the
energy levels was off by a factor of two he did not publish his idea. Uhlenbeck and Goudsmidt
[1925] did publish the idea of electron atgumomentum o#/2, but unsuccessfully attempted
to withdraw the paper after realizing the factor of two discrepancy. At this ltleweellyn
Hilleth Thomas [1926, 1927] resolved the factor of two discrepancy by publishing a paper which
demonstrated thahe (classical) relativistic precession of the electron magnetic moment in the
internal atomic magnetic field, and hence the splitting of energy levels, had been computed

incorrectly. Hence the el>Rwdsestablished. spi n angul a

WernerHeisenberg [1925] [Figure 4. proposed that transitions between stationary states
(e.g.mandn) could be represented by an array of elementsXgpwhose amplitude is related
to the likelihood of the transition. Max Bo{1925] and Pascual Jordan quickly developed this
idea into a complete formulation of matrix mechanics in which commutation rules replaced
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action integrals as the basis of quantization (gpg. pg=i> whereq is a coordinate angis the
cornjugate momentum).

Louis de Broglie [1924] proposed a novel e
proposed that matter has a wavelike character with energy proportional to freqrerey and
momentum proportional to wave vector->k . The periodic condition for a wave of wavelength

/ propagating in a circular orbit of radius

2 =n/ ©)

implies quantization of angular momentum:

rp=n> 4)
Erwin Schrodinger [1926] [Figure §. subsequently published a differential wave equation

based on de Br ogl i e-telstivisi@aparticee of massin e gotentiéMrst), a non
the energy is given by:

p2
E=—+V 5
o ()
The correspondodifferential equation for de Broglie waves is called the Schrodinger equation:

2
i>%=— ;—szy +Vy (6)

where the wave functioy is a complex scalar. For a Coulomb potentMl=( - €’/r) this

equati on yi el ds ener gy eigenvalues equal t o
interpreted the wave function to be related t
interpretation of y 'y as a probability density was soon widely accepted. A probability
conservation equation can be obtained by multiplyingind adding the complex conjugate:

B2 i>[ «[ 2 2 %
= -~ Py P 7
The Schrédinger equatiora$i the classical Hamiltonian form (see e.g. Goldstein [1980]):

-i>M+Hy=O (8)

with -i>» representing Hamiltonbés princippl functi .

The differential equation correspding to the relativistic energmomentum relation
E2 = p202 +m§c4 is called the KleirGordon equation (or relativistic Schrédinger equation):
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2 W2

- > 22 =526 D% +mpcly )

Interpretation of this equation proved more diffit t t h an S c-relatiistic egqupon.6 s n o |
It does not have the classical Hamiltonian form with a-brster time derivative. The resulting
conservation equation is obtained by multiplyijngand subtracting the complex conjugate:

>e e * * ()
ﬁf—é/ W, wid, o > oy - yoy @:0 (10
HLT 2m mc? @ pt ty
The density in this equation (the first square brackets) can have either sign, making it
problematic as an expression for probability density. Nonetheless the Gdetton equation
eventually became accepted as a dpson of particles with zero spin.

Schr°dinger subsequently demonsigp-adg=ed t hat
follows immediately from the definition of conjugate momenta as derivatives:

a> o

I o

Pauli [1927] [Figure 3] mul tiplied Schr odi nopmporer factoa ve f u
(termed aspinon to model the twevalued space quantization due to electron spin. Multiplicative
operators on Pauli spino@re linear combinations of independert22matrices which by
convention are:

:él OGS_aO los:éO-iﬁs:él 09 (12)
FES R RS .

The last three of these matrices form a vector (i.e. transform as a vector under rotations) and are
called the Pauli matrés.

Paul Dirac [1928] [Figure 3] finally derived a valid relativistic wave equation by extending
the wave function to four components and using matrix coefficients. The Dirac wave function
has four complex components whicmndoe written as:

5{15
Z o=l1 yo vs val' (13)

5.8

Such a wave function is called a Dirac spinor or bispinor. A Dirac spinor can be decomposed
into left and righth anded Paul i spinors which each have
eguation describing an electron in an electromagnetic potential is:

3-5



i>§y =-i>ca®y +bmcYy +(eF - ea A (14)

wherea andb are the matrices:

20 0 0 1§ 20 0 0 -ip 20 0 1 0§
e (0] e (0] e (0]
a_g@OlOQa_aé)Oqua_a@OO-l@
X"® 1009 VR -j 0 09 278 o o0 00
%ooog £ooo§ %-1oo§
G G G (15
a1 0 0 03

e (0]
b_g@lOOo

"® 0 -1 00

5;%00-1@

Dirac also demonstrated that quantum mechaeigahtions could describe multiple particles
by introducing a new wave function whose integrated square magnitude is taken to be the
number of particles. This procedure is called
Dirac developed this methddr bosons by assuming the scalar amplitudgsaf various states

(k) to be operators which satisfy the commutation relaagnf afai dy - The productakAal<

then has nomegative integer eigenvalues and represents the nurhiparticles in each state.
Jordanand EugeneW|gner [1928] adapted this idea to fermions by using ancamtimutation

relation a3 +akAai dy - In this case the prodU(HkAak has eigenvalues of zero and one,
consistentwithPdui 6 s excl usi on principle.

Diracd6s equation remains the foundation for
particle physics fAasserts that the materi al
interacting through fields, of which they atlee sources. The particles associated with the
interaction fields are bosons. o0 [ Cottingham
regarded as dimensionless quantities whose magnitude at any point represents a probability
density for the presence oh® or more particles. Some efforts were made to formulate a
classical interpretation of the wave function (notably by de Broglie [1928] and David Bohm
[1952], see e.g. Goldstein [2002]) but none was successful in thee@eury.

The mathematical and geetnical properties of spinors were first studied by the
mathematician Elie Cartan in 1913 (see e.g. Hladik [1999] for a mathematical analysis of
spinors). The algebra of spinors is closely related to that of quaternions, which were invented by
Sir William R. Hamilton around 1843 as a generalization of complex numbers to higher
dimension. Quaternions consist of four real components. They can in fact be written in matrix
form with basis vectork sy, sy, ands..
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Spinors have historically been regarded by mathematicians as operators (linear
representations of rotation groups) and by physicists as abstract quantities with no classical
interpretation. However, David Hestenes [1967] developed a-$ipaeealgebra which provides
a geometrical interpretation of the Dirac equation. The wave function describes a generalized
Lorentz rotation (spatial rotation and velocity boost) in addition to an amplitude and one
additional parameter which appears to tranmsfbetween matter and antiatter.

There have been successful attempts to reformulate the Dirac theory in terms of relations
between local physical observables [Takabayashi 1957, Hestenes 1973]. The Dirac equation
uniquely determines the evolution of &cdynamical quantities such as angular momentum
density, linear momentum density, and energy density. In other words the Dirac equation is
deterministic with respect to dynamical quantities.

In this chapter we will derive a Dirac equation to descril&ianal waves in an elastic solid.
We wi | | regard Oo6particlesd as soliton soluti
elementary particles from this model.

3.2.Torsion Waves

..there are circumstances in which mathematics will produce results wibiaime has really
been able to understand in any direct fashion. An example is the Dirac equation, which appears
in a very simple and beautiful form, but whose consequences are hard to understand.

% Richard P. Feynman, Robert B. Leighton, and Matthew Ja®é3a]

Quantum theory developed from an initial classical picture of matter as particles. Yet we
have seen that special relativity is a natural consequence of the wave nature of matter. Therefore
the classical theory which corresponds to quantum mexhanust be a wave theory. One
historical dilemma of quantum wave theory is the lack of an obvious physical interpretation of
the wave amplitudes. Max Born suggested that the wave intensity be interpreted as a probability
density, but he emphasized thaithe probability itself is propagated in accordance with the law
of causality” [Born 1926]. While there is no doubt that the quantum wave functions can predict
the likelihood of experimental results, their evolution indicates causal rather than stochastic
interactions.

Actually, the dynamical interpretation of the wave functions can be resolved by simple
dimensional analysis. In terms of Dirac spinors, Zewmponent of spin angular momentum
densitys; is:

e
s e—u1 Ag sy (16)
&fr [ 52’



. . . 2 2 2 2 2
wherey is the 4component complex wave function wiph|” =|y,|" +|y,|" +|/ 5| +|y,|” and
S, is thez-component spin angular momentum matrix:

a1 0 0 09

% 10 0g¢

_ - 0
S:T®y o 1 00 (17)

8

%)00-1+

The leading factor in Eq.6is simply a constat which establishes units.

Construction of a classical wave theory of matter must therefore begin with waves
carrying angular momentum. Classically, angular momentum is associated with rotations of
inertial bodies. Waves of angular momentum require mby mertia but also torque which
resists rotations. Generation of torque in response to local rotations implies elasticity. Therefore
the classical model of matter waves consists of rotations in an elastic solid (torsion or shear
waves). We already knowat the elastic solid was the basis for classical wave theories of light,
so we can proceed with some confidence.

First consider torsion in one dimension, such as on a torsion wave machine or a stretched
out rubber band (Figure &. A torsion wave machine has at least one intriguing parallel with
particle physics. If one rotates a single rod near the center of the wire, -hargled twist
propagates in one direction and a-ledinded twist propagates in the othéection, analogous
to the production of particles and aparticles. In every known physical process, -amditter
behaves like a mirror image of matter. Another interesting propertyDofdtations is that there
is a natural distinction between rotaito of odd and even multiples pf analogous to the
distinction between odd (fermions) and even (bosons) multiples of the unit angular momentum
>/2. The notion that torsion should be associated with matter is in fact widely accepted [Kleinert
1989].Therefore there ieason to believe that a mathematical analysis of torsion waves might
provide some clues to the interpretation of quantum mechanics. This analogy was first explored
by Close [2002].

Riaht-handed Left-handed
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Figure 3.8: Rotation of a sing bar on a torsion wave machine results in misggnmetric
waves propagating in opposite directions. This is adimensional analogue of production of
particles and arparticles. Matter and antnatter are alsaypically produced in mirror
symmetricpairs.

If the moment of inertia per unit lengthlisand the torsion spring constant of the wire (or
rubber band ) i&, then the wave equation is given by:

2 2
M (L?E(Zz,t) _yH Cuéz(j,t) (19)

where Q ¢, is the orientation at axial pogih z and timet. The wave speed is given by

c=JK/I.

As with displacement waves, a unique frequency and wavelength cannot be defined for
torsion waves unless many cycles are produced in succession. If one end of the wave machine is
rotated & a constant ratav, the torsion waves propagate along the machine with uniform
wavelengthl =c/w. Each rod along the machine rotates with the constant driving frequency
The angular momentum per unit leng?his therefore ?=1w=Ick = lcpQ/pz. The angular
momentum is thefore proportional to the spatial derivative of the angle. The angular
momentum of a twist from 0 tQ, can be obtained by integrating over angle:

72(Q=Qy) 2(Q=Qy) Qo
L= d Id—de: filc d—de: AlcdQ = 1cQq (29

AQ=0) At Zq=0) 2 o

Thus we see that the total angular maten of a twist is proportional to the rotation angle and
independent of frequency.

A twist propagating with constant wavelength has no torque, so the kinetic and potential
energies remain constant as the wave propagates. The kinetic energy per umis levi(? and

the potential energy per unit Iength%sK(quuz)2 =2p%K /12 =1w?/2. Integration from O to

Qo Vields for the total energy:

o Z(Q=ﬁQo) | V‘F_de: Z(Qg?qu_Q
ZQ=0) |0t

Q
dz= AlowdQ = lewQ, = Lyw (20)
7(Q=0) 102

0
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The wave energy is equal to the wave angular mometitnas the angular frequency. This is
analogous to the energy quantunrof At this point we make the identifications:

_ L
cQo ] 21)
K =¢?| = ¢
0
so that the wave equation is simply:
2 2
zt zZt
" Q(2 )_ 2H Q(2 ) 22
Ht Hz

Incidentally, although we have been describing torsion waves along a thin wire, the equation is
valid for torsion waves in a thick cylindrical rod (see e.g. Feynman et al. 1963b).

Now we will take a look at the classical wave equation to see ihibeaapplied to the

study of matter. We will start with or#imensional waves as above, then generalize to three
dimensional scalar and vector waves.

3.3.0ne-Dimensional Scalar Waves
"I have deep faith that the principle of the universe will be beautiful emple."
% Albert Einstein

Consider a scalar quantitg)(which satisfies a wave equation with wave spegdh(one spatial
dimension %):

ua=c’usa (23
This equation can be factored:

[ + o, Ik - e Ja=0 (24)
The general solution is a superposition of forwa) &énd backwardag) propagating waves:
a(zt)=ag(z- ct)+ag(z+ct) (25)

This form of the solution to the oftkmensional wave equation can be found in aeyneintary
textbook on waves. We can write the equations for forward and backward waves in matrix form:

e & 09 ac(z-ct)p

= +€>% ] 1§3Hzl;§l%8(z+ct)8: 0 (26)
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The spatial derivatives are related to the temporal derivatives:

(z-ct)g_ & acz-ct)g_ a1 09 &a(z-ct)p

aa( B
CHzE;%B (Z+Ct)§_ Uté%aB (Z+Ct) @‘ é% ) 1§Jt€:§3 (Z+Ct)§ (27)

Let #* w,a andaj! p,a. We now define a wave function in terms of the time derivatives:

2z )

Q
é%?a (z+ ct)a (28

The wave equation for the forward and backward waves is now:

e & 0g @ _ &d(z-ct)g ap(z-ct)g_
g’lt +é% i ﬁquY _uté%E(Z+Ct)§- Cuzé%_B(z_'_Ct)@—o (29)

We have now reduced the secarrder wave equation to a firetder matrix equation.

3.3.1. Spinors and Bispinors

If we regard the-axis as one of three orthogonal axes, then the two independent comp#nents
and #; differ by a 180 degree rotation. This is the definitive property of independent states in

spin onehalf systems. Unfortunately, this property isataphasizedor even unrecognizedi)

the physics literature ifavor of the more exotic property that complex spinors change sign upon
360 degree rotation. This latter property does not apply to physical observables which are
computed from bilinear products of spinors. However, the separation of independent states by
180 degrees does apply to wave velocity, implying that solutions of the wave equation generally
form spin onehalf systems. Note that unlike positive and negative scalars or vector components
(which can also be expressed as bilinear products of spima@g@s with positive and negative
velocity are not related by a multiplicative factor of minus one. The forward and backward
waves are independent states. The mathematical basis of this property is that wave velocity is a
property of the functional argumenand is not simply an amplitude.

A
v

as </ ar
18

Figure: Waves propagating in opposite directions along an axis comprise independent states
separated by a 180 degree rotation. This is the basis ehteder spin.
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The relationship between waves and spinors camde explicit as in Close (2002) by further
decomposition into positivdefinite components#:, ,#. % ,#_) or (aj,,ak.,aF. ,ak. )
representing positive (+) or negative €ontributions to the wave derivatives:

#zt)=&,(z- ct)- & (z- ct)+ds, (z+ct)- #_(z+ct) (30)

and

cai(zt) = clag. (z- ot)- ag. (z- ot)+ap.(z+ct)- ap (z+ct]
=-d, (z- ct)+d (z- ct)+dp, (z+ct)- & (z+ct)

From here on the functional arguments will not be written explicitly. Note that the pesitive
definite components may have discontinuous derivatives where the original sjigaetties

pass continuously through zero. For example, to make the time derivatives continuous requires
matching conditions fa#:

(31

Ht @i:+|#':+ =#- =0 =- W |$¢F+ =#-. =0

(32
uza%:+|#':+=#':_ =0 =- Hﬁz-

#-. =& =0

Similar relations hold for the backward wave gmnentsSuch discontinuities do not affect the
validity of the first order equations. However, higher derivatives may be undefined at some
points.

Since each component has a unique sign, we can exggssaj in spinorial form with the
onedimensional wave functiop, (t he subscript o6vé refers to th

o ~T° o ~
Mg 0 0 0ga’s
4 2200 -1 0 Ogaf?o  r_
20® 0 1 0 20" VvS K
Wi0® 0 o e
o ~T° o ~
04 0 0 0g#ig
= 0@ L0 0G0, 33
o D 0 -1 og%ic o
220% o o -afwo

where the superscrifitindicates transposition of the column matrix and the métrstabulates
the forward and backward walities ):
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o o 2~
8 0 0 ogge,&g

o=@ 10 Ogeay?
v~ 2120
% 0 -1 oﬁzq

C 0 0 l‘gFg

tcbsy (39)

This wave function is a orgimensional bispinor. In one dimension the components of the
bispinor may be taken to be real and positieéinite. Extension to three dimensions requires
compkex components.

Changing the order of terms in the wave funct
important points are:

1. The components of the column matrix wave function are real and pakfinde.

2. Only one forward component andeobackward component can be +m@mo at any given
time and place (for ondimensional waves).

3. The spatigemporal variation of each component must be consistent with its location in the
column matrix.

Since some of the components must be zeraflahd g be either zero or one. Then the wave
function is:

Yy :[#1]:/257% &ody d°1- o] #°N- dF]]T (39

Using Lorentz boosts, the wave function can be written as:

yy=&’exdb 2/ dy [1- a] [i- ] /V2 (36)

This form has two independerdntinuous parameters and two binary parameters.
The equation of evolution of the wave components is:

Wy tcb g1y, =0 (37

This is the onalimensional Dirac equation. This equation can be interpreted as a convective
derivative with two opposite velocities represented by the matrot s

The relation between one dimensional bispinor equations and scalar wave equations is
summarized in Table 1.
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Table 1 Corresponding Bispinor and Scalar Wave Equations in One Dimension

Bispinor Equation Scalar Equation
ut:st y\,]+cuZL/be\, =0 Wa- c’pia =0
wy Iy Jranl o s 4] =0 WilHeag |+ |Heag| + CMolH ae |- ¢l b ag] =0
ut:bi y\,]+cpZL/szv =0 Iit[' Cuza]+cuz[uta] =0
by :VVT bs y]+cuzMyv =0 Ch[M AR |- Ol [ 8]+l |ar |+ cl,[ag| =0

3.3.2. Wave Velocity

The mean velocity\ of the wave is proportional to the ratio between the difiegeand sum of
the forward and backward components [Close 2002]:

_ T
o cJE TSy

(39)
EARC TS
Since|#:| and |#| are positivedefinite, we can define them by the relation:
#| = % expla) 9
d| = # exel- a)
so that our definition of velocity is:
V=C % exp(a) "% exp(- a) = ctanha (40

~dpexpla)+ dexpl- a)

If we start from a zerwelocity state with#:| = |d&| = 4, then we can change the velocity using

t he 6L or eperatar ¢ b oexphbtsd/2) ,):

[V\T explb 9/2)] cb gexpb sa/2y | _Cexp(a)- exp- a)

L v explb s/ 2)] lexplb s2/2)y,]  exda)+exd:- a) =ctanha (41)

Note that successive boosts preserve the form of the operator:

exp(b sa,/2)explb sa,/2)=exp(b da, +a,]/2) (42
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This property enables us to recover the relstic equation for addition of parallel velocities:

v; =ctanhay
v, =ctanha, 43
tanha, +tanha, V) +Vy

v=ctanha; +a,)=c =
Ha, +az) 1+tanha;tanha,  1+vyv,/c?

This result is another example of how the laws of special relativity apply to classical waves in
ordinary Galilean spaeme, as discussed in ChapP.

Using Lorentz boosts, the wave function can be written as:
Yy :a%/z exdb ‘g/z)[dF a0y [1' dF] [1' dB]]T /‘/E (44)
This form has two independent continuous parameters and two binary parameters.

3.4.Three Dimensional Scalar Waves

"... in quantum phenomerame obtains quantum numbers, which are rarely found in mechanics
but occur very frequently in wave phenomena and in all problems dealing with wave motion."

% Louis de Broglie [1963]

3.4.1. Rotation of Gradient and Velocity

The spatial derivativet, generalizes in three dimensions to a arbitrary directipnwhere the

index (v) represents an arbitrary direction. Wave velocity is defined to be parallel to the gradient.
Since the matrixps is associated with a particular axis, it must be one component of a vector.
We can let the matrixo* b; and define the gradient matrix components as:

80 0 1 0g & o0 -i 038 481 0 0 09
% 00 15 ® 0 0 -0 1 0 05
(0) - (0}
%@ o000 2TE o o 00 %TH o .1 00 (49)
Zioof 570 o8 Boo

The symbol {) represents a unit pseudoscalar imaginary which is odd (changes sign) with
respect to spatial inversion. This property is necessary because velocity is a polar vector and:

i = blbz b3 (46)

We must now allow the awe function to have complex components. These matrices have
commutation relationsquivalent to the Pauli matrices:
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biby+bib =2a; ; bbj- bjb :2i~e|jkbk (47)

An elegant way to write these commutation relations is:
where:

3y 1
bi O?l :E[bi bj + bjbl]

,~ (49)
|
bi3 b] :'E[bibj - bjbl]

Hence we can regard these matrices as basis vectors whose commutation relations express their
relative orientation. This idea is the bagis the mathematical field @feometric algebraNotice

that the unit imaginary now has a geometrical interpretation as the product of three orthogonal
unit vectors:

sy = by|by Gy +1 b2 ba|=T by By by =T 50

The rotation operators for this g@ahave the form:
Ry, (zi)zex;{— Tbizi/z)bj exp{Tbizi/Z)zbj cosz; - i—z[bibj - byb ]sinzi (51)
which can be written in vector form:

Rs(6) = exp(— i bzz/zkyexp(i~ bzz/z) =bcosz + [bz 3 b]sinzi (52)

To include rotations, the ordimensional derivativey,a=-y | by, must be moditd
to include orientation. This orientation is computed relative taxtaeis. Using the definitions:

b, =[exp(— by 2)[73 exp(Tb @/ 2)]

1% =exp(- ib @/2)/\, (53
yh=yT exp(TbC"fs/Z)

The wave function now has complex components. The rotation operator
Rg(yv):exp(- ibc"fs/z)/\, applied to the onelimensional wave function inverts the rotation of
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the basis vectors so that the derivative can be evaluated using thdenamsional reavalued
matrix b3 and wave functiory,,.

The spatial derivative is:
y,a= 'biayv =y Ab\zy (54)

Since the beta matrices are mutually orthogonal, the componeyrt%yf perpendicular to,
must be zero. Therefore the three dimensional gradient is:

CDa:'Ey\Tb@Vv:'J/Aby (55)

3.4.2. Successive Rotations

Successive rotations can be performed using either fixed axes or embedded axes. The
result of successive rotations about fixed axes depends on the order in which the rotations are
taken. For example, successive rotationg/@fabout the;- andx;-axes moves; to eitheri e, or
+ e, depending on the order. Hence:

exp(— i bop / 4lexp(- i by / 4)173 exp(T bp/4/ 2)]exd? bop/ 4) =-b,
exr(— ibp / 4lexp(- i byp / 4)173 expﬁ bop/ 4)]exd? bp/4/ 2) =b

Here the expression inside the square brackets is evaluated first, followed by applying the
rotation operatooutside the square brackets. If we interpret these rotation operators as acting on

spinors then the order appears to be backward. The expreex'pﬁl171,0/4/2)exp(i~ bzp/4)y
represents spinor rotation iof/2 about thex;-axis followed by rotation about the-axis.

(56)

3.4.2.1. Euler Angles

We can put the operations back in order if we consider the second rotation operator to
have been rotated along with the wave function by the first one:

Ri(0,) = R(01)R(0,)R 1(0,) =exd- T, /2)exp- Tb@,/2)exdi b, /2) (57)
Two successive rotationseyds:
RI(0,)R(0,) = [R(0,)RO,)R1(0,)|R(0,) = exeli 6, /2)exdT b @, /2) (58)
Axes which are rotated along with the spinors are called embedded axes. Rotation angles which

refer to embedded axes are calledler angles We use primes to denote rotations about
embedded axe
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The Euler rotation operatd®0@.) can be interpreted as follows: First, rotate the spinor back to
its original orientation. Next, rotate the spinor about the fixed axis correspond@ig Einally,
rotate again about the embedded axis correspondiQg (the original axis now rotated (,).
The equation states that rotation @=Q4 followed by rotation about the fixed ax@; is

equivalent to rotation first b§, followed by rotation byQg about the embeddd&i axis. In the

above example, rotation g2 aboutx followed byp/2 aboutz(oryd ) i s equi val ent
by p/2 aboutz followed by /2 abouty (orx6 ) .

The angular derivative of the wave function is:
e/ =Hg [exr{- Tb@]/z)/v]z- i~exp(- TbCiﬁ/Z)%yv =- Tgexp(- deﬁ/z)%exp(TbGﬁ/Z)g/ (59
It is customary in quantum mechanics to define the angular derivative to be:
~b
oy =T (60

This relationis only valid iftheangjed i s measured with respect t

Accumulated rotations can be computedm successive rotations about embedded axes.
Given arotationrated (t ) wi th respect to embedded axes,

R({t)=R(Ui(t)) =ex Tbe_Ji/Z)zexdT Fdth ("Dvi/z) (62)

3.4.2.2. Examples

Let us verify this expression with explicit explas. First, we compute the general
expression for rotation about two successive embedded axes: Rotate bgdaapleut an axis
xG followed by q& about x&. The rotation operator is:

R(t) = ROit) = expli bygi/2)exdli £.1/2)
5

=§cos%+ i bbsm%'%cos%+ i b squi“j (62

-cos%cos% bbbasm%sm% +i 8/3 cos%sm%+ bbsm% 05%3
2 2 2 2 2 2 20

Recall that b,4, = b, Ch, +i b,3 b,. We consider two cases. First,g& and qd, are parallel
then:
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R(Oi(t)) = cosq—zt'cosq—zfi sin2 ﬂ +|b gos—sm U 4 5in B cos?42

2 U
. (63
cos.%leq'[quEl o+ib smgeda%g
v - ¢ -

which is obviously correct since parallel angles are additive. Next consider two perpendicular
axes withp,b, =i b.:

RUI) = COS%COSq—é+ i b, sm LR 8/7 cos—sm d 4 b, squ cos%g (64)
s

For the special case where both anglegpdgethis yields:

R(Ui(t))=co§£+?bcsin _+I8b cosgsm 4 bosin’ cosgg
(69

% %—coz{pﬁ) %sin(pﬁ)

This corresponds to a rotation operator fpf32radians about thaxis [Ea + X +FC]/\/§ The

validity of this result can be verified by picturing an equilateral triangle with corners on each axis
equidistant from the origin. Clearly rotation by/2 about the center of the triangle merely
permutes the positions tife axes, which is of course what happens when rotatigg2waround
successive orthogonal axes. Note also that the symmetry of the final result implies that:

exgﬁ by p/4)expﬂ by p/4):expﬁ b, p/4)expﬁ by ,0/4):exp(i~ by p/4)expﬁ b, p/4) (66)
(x followed byyd y followed byzo zfollowed byxd ) whi ch is consistent
the secondary rotation operator above.

3.4.3. Wave Function

In three dimensions the gradient can be defined as-diorensional derivative rotated by angle
Zto a new axisk. Let:

b, 1 exp(— b/ Z)b3 ex;ﬁb @/ 2)

y1 exr(— ib C‘a:/z)/v (67

Rotation by angle is denotedR; and defined relative to a default orientation alongxgaxis.
The threedimensional gradient is:
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é. pal - ,
Da=&1fgﬁu=-@/$cbgyv=-cy’*by (68)
| Ux3y

Writing a column matrix as the transpose of a row matrix, the rotated wave fupaion
y =#2exd: Tb@/2)extbys 42cr oy [1- o] [- gl /42 69

However, in three dimensions the constant column matrix which represedtstates may have
nonzerovelocity perpendicular tos. This is indeed the case forg :[1 01 O]T/\/i and

Yo :[O 10 1]T/\/§ The remaining states with zero velocity are obtained by rotation of
velocity from:

vo=[L 0 0 4"/V2 (70)

This state has zero time derivative but nonzero gradient. When Lorentz boosts are applied both
the time derivative and velocity can be rearo. The final form of the wave function is thus:

y = #)/ 2 exp(— b/ 2)exr(b35 a/2y o (71

This is the germal form of the scalar wave function. The constant matrix is multiplied by factors
representing an amplitude, aDlvelocity boost, and a general rotation in velocity space (two
angles to determine velocity direction plus rotation about the velocity aisarly four
parameters are needed to determirg and Ba. The significance of rotation about the velocity

axis will be discussed below.

3.4.4. First-Order Wave Equation

The time derivative of(l) yields the firstorder equation:

Wy =- exp(— TbCé/Z),ltGOTZ—byV +exp(- TbC&/Z)p,yv (72

Here we can see the effect of rotation about the velocity axis. Rotation of timardftside
involves only direct rotation of the wave functionjtbrotation of the righhand side also
involves rotation of the angular frequengys. Rotation about the velocity (or gradient) axis can

change the direction of this angular frequency. This is the significance of the fifth parameter i
the factorization above.

Inverting the rotation factor yields the edanensional wave function, which satisfies the -one
dimensional wave equation:

[, +coysED]|exdi b@/2) |=0 (73
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Derivatives of the exponential factors are:

w expli b @&/2)= i—;eXL{Tb @/ 2)|Jt [b ]

s (74)
Pexpib@&/2)= |—2exp{7b @/ Z)D[b @]
Substitutings gexgi b/2)E® =exdi b@/2)sb@® into (73) yields:
ib ibo
Uy +csb®Dy =- u;O—y csbGDeGO—ly (75
& “u

This equation states that the convective derivative igerononly due to (convective) rotation of
velocity direction.

The equation of evolution of the scalar wave amplitude is obtained by multiglsffng and
adding the adjoint:

.. LA
A é
pt[yAsy]zi—cstDy-“fO—by csbGDsO—byusy
i y

i 6 .
+yAs|-csbGDy- HGO—by csbGDsO—byu (76)
ht y
B&Abby +c[E)3 G]CL/Any]
Which, in terms of the scalar polarization is:
wa=c’P?a- c’[p3 ¢|da (77
The relations between rotation angles and velocity unit vectors are:

We=&° W&

0a="& o €

D3 e=g[P&]- [ D&

[p2 ] =b2- [& ®]& @]=[& * D|¢¢ * D]

So that the above equation is indegdiealent to the ondimensional wave equation:

(78)

wa=c*lg @& ®@la (79

If we want to obtain the conventional 3D scalar wave equation:
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wa=c’p?a (80)
Then the simplest correspondingsfiorder equation is:

Wy +csb®dy =0 (81

3.5.Vector Waves

"Quantum mechanics is certainly imposing. But an inner voice
tells me that it is not yet the real thing. The theory says a lot, but
does not really bring us any clas® the secret of the "Old One."

I, at any rate, am convinced that He is not playing at dice. Waves
in threedimensional space whose velocity is regulated by potential
energy (for example, rubber bands)". . .

- Albert Einstein, 1926 [Einstein and Born(X)

Next we consider vector waves (polar or axial vectdkg)arbitrary polarization vectaran
be describedy a scalaramplitudeand three rotation angles. Since scalar waves require five
parameters, we expect vector waves to require eight paranfetessth velocity rotations, only
two angles are necessary to determine the direction of polarization, but a third angle is necessary
for a local description athanges in the polarization direction.

3.5.1. Rotation of Polarization

Recall that the scalar polartan is &=y 's y. We now regard this as one component of a

vector: @& =y sy . The vectora could be polar or axial, but we will assume an axial vector
(pseudovector). The three orthogonal polarization matrices are:

0 1 0 05 & -i 0 9) 8 0 0 09

& 0 & 0 & 0

S:aéOOOQs:ae 000@5 #H -10 05 ©2)
13%00192300-?338%0100

§%01o§ ® o i o2 é%oo

The symbol () is a unit scalar imaginary which is even under spatial inversion since the spin is
a pseudovector.

These matrices have the same commutation relations as the Pauli matridbe aetbcity
matrices §)):

S$5,+5,5,=2d,; 5;5,-5,5,=26,S, (83
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The rotation operators for this space are similar to the velocity matrix rotation operators:
Rs, (%) =exd- Tsix /2)5j exeli 5% /2)=sj COosX; - iz[sisj - 5;5;]sinx, (84)
We could simply generalize the wave function to be:

y =#%exg- Té ("}/Z)exp(— Tb@/z)exr(b3s a2y, (85
We might then attempt the interpretation:

WS =-y Ablsjy (86)

However, there are nine tensor components (plteetbomponents of the time derivative) and
only eight independent components of the bispinor. Therefore this interpretation is not
satisfactory.

Instead, we will assume a single rotation operator for both wave velocity and polarization. Since
the onedimersional velocity isv=cb,;s5, the threedimensional velocity for vector waves is
v =cbyll. Theb matrices which described velocity for scalar waves now represent directions

relative to velocity, withbs representing the paralle di r ecti on. Thi s not ati
representationo of velocity.

Alternatively, we could associate any of the matribesith velocity by rotating in the relative
velocity space ob mat ri ces. Such a rotati ocan iiomocalTlhed f
v=chl has the form originally used by Dirac, and we will use these matrices for velocity.

Historically, a different notation has been used forbhwmatrices. Instead oft, b,, b3), these

matrices have beealled (q5 g4, go). However, we will continue to call thematrices except
when comparing with standard results from other literature.

3.5.2. Factorization and First-Order Wave Equation

The threedimensional bispinor wave function may have a bhtreboost with arbitrary
magnitude and direction, and may also be rotated by an arbitrary»anfjiese operators are
contained in the factorization

y =& exf- 166y 2exd b @2y (87)

The wave function hasevenfree parameters: an @fitude, threeotationangles,and three
velocity parameters. There is one additional degree of freedom which determines the definition
of the relative direction®, and ;. These are defined with respect to the velocity axis by the

operatmexp(i~ b z/ 2)1/ 0. SO that the wave function is [Hestenes]:
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y =82 exd- 106G/ 2exd b @y 2exdi £2/2) (89)

Now we would like to know the equation of evolution of the wave function. Generalizing the
scalar wave equation§) to include arbitrary gradient direction yields:

Wy =-cbi®dy (89)
These terms account for wave propagation in an arbitrary direction.

To see the wave equation in terms of observables, muﬁiﬁwj and add the transpose equation
to obtain the time derivative of the polarization:

wly Aty =~ oBly Aoy |- Telpy A bty +yAbiee By | (90)
The terms in this equation are naturally associated with spinors by the following definitions:
ay s sy

cy;[p &l - Cu,-b’*b]y] (91)
c*{p2 D3 a}; 1 - icey {HLJ/ Aoy 'J/AblskHLV}

These identifications yield the wave equation:

ptza =c’D?a (92

The interpretation of the spinor wave functions must becsgifistent. For example, the
first two identifications equire:

A [+ 0 Aty | =0 (939

This relation is easily derived from equati@9)

Also from @9):

wl A [+ cody Aniy | =0 (94)

This is the quantum mechanical continuity equation. This is the three dimensional generalization
of the D equation:

Me[bear [+ e Jueag |+ C2u, 8 |- ¢Pjp,ag] =0 (95
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3.5.3. Convection and Rotation

Adding terms for convection and rotatitmthe bispinor \@ve equatioryields:
Wy =-coi®y - udy - wQuy (96)

From the wave factorization we can substitofiausthe angular derivativ€for passive rotationin the
final term:

by =-chi®@y - uG'Dy-i'wcgy (97)

To see thavave equation in terms of observables, multﬂp@sj and add the transpose equation
to obtain the time derivative of the polarization:

wl Ay |=- ol Aoy [+Tee,luy bs .y -y by | & - udly fiy [+ws [y ] (o9
These identifications yield the equation oafave propagating in a moving medium:
Wa=c’D%a- ud#+ws & (99)

Using equationg7) now yields different continuity conditions:

utL/Ab]y]+czE)C{;/’5ﬁy] +uC'iDL/Ab]y]:O (100
Consigency with our definition of variables requires that:

u C'DL/ Abjy] =0 (101
Also from ©7):

wh Y Jr o d Aty ] +uaml A =0 (102
The continuity equation now includas additional convection term.

Next, we will interpret the wave polarization.

3.6. Waves in an Elastic Solid

"I am never content until I have constructed a mechanical model of the subject | am studying. If |
succeed in making one, | understand; otherwisenatd'
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- William Thomson (Lord Kelvin) 1904Haltimore Lectures on Molecular Dynamics ahlde
Wave Theory of Light]

3.6.1. Basic Assumptions

We make the following basic assumptions:

1. The elastic solid is characterized by an inertial densitgnd coefficient of elastity /7 with
characteristic wave speed=,/nfr .

2. There is a linear response to variations of orientation ddgtelative to equilibrium. This means that
an initial static perturbation (with velocity=0) would yield theesponse:

w20 =c?P?0  (if u=0) (103

3. The velocity fieldu has no compressiob @ =0. Therefore the velocity may be written as the curl of
a vector field:

I O
U—Z[D 3] (104

The vector fieldJ is called the conjugate angular momentum density. It differs from the usual
definition of angular momentum density=r3 ru in that it is independent of the choice of origin

and can have arbitrary direati. If | falls to zero sufficiently rapidly toward infinity, then kinetic
energy may be expressed &= ﬁdr3ru2/2: ﬁdr3wCﬁ/2, where w=D3u/2 is the angular
velocity, or vorticity (for rigid rotationsu| does not vanish at infinity and thelation betweem and

J has opposite sign). Henck is the variable conjugate to angular velocity for a Lagrangian which
depends om only through the (positive) kinetic energy.

Additional assumptions will be irdduced in order to simplify the mathematics, and these may limit the
generality of the results.

3.6.2. Equation of Evolution

Starting from 103), we define an angular potent@lsuch that:
p2Q =-4r0 (105
The static condition foR is:
DZ{pEQ - CZDZQ}:O (if u=0) (106)
Define the spin angular momentum as:

St Q (107)
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The static condition is then:
P2 s- ¢?p2Qf=0 (f u=0) (108)

When motion is present, it contributes to the time derivative only through conveetio@®gE) and
rotation (w3 S):

Dz{ptS- c’D%Q +udS- w3 s}:o (109

This assumes thahére are no velocitgependent forces such as frictional damping. From here on, we
will consider only wavdike solutions satisfying:

I S- c?D2Q +udS- w3 S=0 (110
For oscillatory solutions to this equation, the first two terms aveays in phase |£Q - ¢?P%Q),
whereas the velocitglependent terms may have different phase. However, if the vettapgndent
terms do not add to zero then they must have the same phase as the linear terms:

ud®S- w3 S=WA(r)Q (111

where WA(r) is some function of position (more generalyZ(r) could have different values for each
component of)). Substitution yields:

KQ- cPQ+W(r)Q =0 (112

If WA(r) is constant and positive, then this is the Ki@iordon equationwhich is ordinarily associated
with bosons

Now our only remaining task is to solve for the velocity in terms of other wave variables. To do this we
note thatas discussd above, the waveguation(8) can be written in terms of a foaomponent complex
Dirac bispinor ¢ ) using the following identifications:

ueQ; * %HIL/ASJ,V]

c’w[p @] '%CHjL/Ab]y] (113
c*{ps b2 Q}j t- i—zceu-k {HLVAblskJ/ 'J/Ablskuiy}

The matriceschys | arethe Dirac velocity matricesnore conventionally denoted agSS ji-

The above identifications provide 7 constraints on the 8 free parameters of the Dirac
bispinor. In terms of bispinors, the rotational wave equafiof)(s:
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BlAs y lranly Aoy |- icay fuy Asiy +1 21 sy

it (114
ruay sy | agwl Aoy o

Expanding the derivatives yields:
yASng,y +col Dy +udy +Wd22y§+c.c.=0 (115

where (c.c.) represents the complex conjugate. The Hermitian conjugate wave forayidre
regarded as an independent variable (the independent real and imaginary parts of the wave

function are linear combinations of elementg/ofand yA). Validity for arbitraryyA requires
theterms in brackets to sum to zero. This yields the Dirac equation:

Wy +colil @Dy +udy +W('§2£y +ic y=0 (116
where ¢ may be any operator with the property:

Rdy’sic y)=0 (117)
Since ¢ has no effect on physical quantities, we assume it to be zero.

Now we construct a Lagrange density. ylaegrangeods

HL ” pL ML _
H +a - = (118
W] "] W

A similar equation hals WithyArepIacingy. The Lagrange density for rotational waves is
therefore:

L :Ra?- iy Auy +yA[-icbll‘jGD]y +yAg-iu('EiD+wC%§/8 (119
| y

Using the Hermitian conjugate of118 vyields simply pL/pyAZO. The conjugate
momentum to the fielgr %is p, :

_ K A
p = =-iy (120
Y iy ]
We assume that we can neglect boundary terms in the integration by parts of:
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rdriw @1 fdr3[p3 u]=pdriudps g (121

The conjugate momentum fois:
A 3
Py =%:Re(-yAiDy)+DZS:ru (122

This conjugate momentum was derived under the assumptiorutigtan independent
variable. Identification ob, with ruis justified by the lack of external forces, implying that

enters the Lagrangian only through the kinetic energy.

Makingu a function ofy introduces a factor df/2:

2
L= Re{ iy Ay +y - ichi )y +—§?e(y IDy += Dsy 2 H (123
Variation of this Lagrange density determines the evolution of rotational waves:
Wy +chi @y +udy +iw('§2£y:0 (124
where velocityu and vorticityw =B3 u/2 are determined fror20).
3.6.3. Dynamical Variables
3.6.3.1. Angular Momentum
Recall that the velocity is the curl of an origimlependent angular momentum:
1
=1psg=tps[C+g (125
2r 2r
We now identify the orbitaly; ) and spin () contributions to velocity:
los T=-rdyAiny )= ru,
2 (126
5D S=rus

The incompressibility conditionb@ =0 places an additional restriction on the wave

function:
) 11 a . A i g A
DOUL=§DC[>J/AIDJ/+I[Dy]Ay]=§f-yADzy+[DZJ/A]J/§=0 (127
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The usual definition of angular momentum depends on the choice of origin. If we define a
rotational velocity asug =G3r and note that the vorticity is the instantaneous angular

velocity (w =), thenfrom (119 the conjugate angular momentum wobél

W =y l-r3HE)+E lAdyz (128

Pa = MU

I\)

The quantityL =y - r2iBly iscal | ed the 6or bitaIS‘):%ja'Brﬁugislar mo

call ed the Od&mopmnennd uamgudiatorically, the existe
defied explanation, yet we have derived it from a simple classical model.

3.6.3.2. Energy and momentum

In the Lagrange density defined above, the veledg#gendent term is clearly the kinetic
energy density. This observation suggests that the Lagrangian has the form:

L :Rqé- iy'blld/ +yA[-icblﬁ®lv +%ru28:-E+U +K (129
I y

where E = Re(iy ﬁity) is the total energy) = Re(—yA[i chyl GD]y) is potential energy, and is
kinetic energy density.

The Hamiltonian is the negative of the energy:

{ ]

H=pw -L=y 1|cbluGD+|uGD w&; -IéU+%ru2" (130

<

Hamiltonb6s equation for the wave function

Wy = W7 - BA ? chi@®d- ud- |wd£uy (131
A |
u[— iy A]
We can also define a Hamiltonian operator with =iHy (note opposite sign convention
from guantum mechanics):

H=icg5&c'b>+iu®-w<‘% (132

The Hamiltonian is a special casg() of the energymomentum tensor:
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A
=y - Ly (133
H[Mn}/ ]

The dynamical momentum density is derived from the orbital part of the angular momentum:

T =R =-iy Wy (139
This is identical to the momentum of relativistic quantum mechanics.

The sign of the Hamitinian (and Lagrangian) is simply a convention. In analogy with plane
waves, the functiorcogut - kx) with w>0 is equivalent teogut +kx) with w<0. We could

change the sign of the Lagrangian arahtitonian and still preserve the sign of the momentum
by using covariant derivativespf,=(,- ). However, such a relativistic construction is

unnecessary and perhaps misleading since we are in fact dealing with Galileatinspatee
energ-momentum tensor components abayg= (- £,R) may still be regarded as a covariant

vector whose magnitude is the scal&r- P?. The equation of evolution is of course unaffected
by the choice of sign of the Lagrangian.

3.7.Electron Waves

~

ié a great step would be made when we
electricity that which we say of light, in saying that it consists of
undul ati ons. 0

12 Sir George Gabriel Stokes, 1879

3.7.1. Free Electron Equation

The bispinor equation for angular momentumsigy is
uty=-cblﬂ®y-u®-iwézj—y (135

A formal solution is:

a0 o
y(r.t)=exp dtde coid®- ud- iw('ﬁgljy(r,to) (136
fto € 2+§/

3.7.1.1. Mass, Convection, and Rotation

Diracdés derivation of the mass ter mfusctiompl!| y
satisfy the KleinGordon equation. One possible formulation would be:
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Wy =-chd®y - i min g By (137

The seconerder equation is:
ey = [czDZy - n7[&? D]Z]y (139

which is equivalent to Klektordonif the wave function is an eigenfunction of the operator
[&3 B]?. The equivalent classical equation is:

wly Ay |=- Bl oy [+ eyl Poisi - v Py | & (139
+ &2 B y Aty
which can be equivalent to Klei@ordon if /7[7%3 E)]3yAblﬁy = -V\Fy'éﬁy .

3.7.1.2. Dirac Equation

Di r @hwidesof mass term differs from the one above
Wy +chli®@y =- Wby (140
where W= m,c? />. Other representations of this equation are:

Wy +cU@®y =-iWp y (Dirac'soriginal notation)

.. 147
Puy +cdPPa®y t gy =-iWy  (Relativistic quantummechanicsiotation) (4D

In gquantum me hani c s, P | @ mppkadssexplcitynirs theaoperators and the wave
function is normalized to one for the purpose of computing correlations. However, physically it
is more sensible to normalize the wave functiorrtgo that it is clear that the wave function
describes the evolution of angular momentum density. One can still compute correlations, of
course, as we will see later. For consistency with traditional quantum mechanics, we will include

the factorof > in our equations.

The equation for spin angular momentum density is simply:

w Ay |=- Bl Aby [+icay s -y s iy (142)

which we interpret as an ordinary wave equation (the convection and rotation terms are
presumedd cancel):

2Q =c?Pp |- c?p? [p® Q|=c?P?Q (143
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Diracdés choice of mass t er m-oreldr wane egaation.sOnet he m
consequence of this choice is that the rationale for quantization via soliton waves is lost. So
while Diracdés equation can be wused in describi
explain the existence of discrete particles.

Dirac also assumed that stationary states have the form:

E
Wy =-iZy (144

which haghe formal solution:
.\ E N
y(r,t):exp‘lf’- |;(t - to))'/ﬁy (r.to) (145

This solution is puzzling because the phase variation represented by the energy eidgenvalue
does not correspond to any actual oscillation in real space. The phase simply aatnegisno
computing observable#& more reasonable starting point would be to neglect gradients in () to
get:

y ) =exst- iw - o)l (r10) (149
I y

If the wave function is a spin eigenfunctidss/2)/ =sy , with eigenvalues, then the

exponent can be treated as a scalar, as in quantum mechanics. The energy eigenvalue would then
represent twice the rotational energig £ w(®), consistent with an equipartition of energy
between kinetic and potential enerdgw. this cags there wouldalso be no real oscillation.
However, we can make this result sensible by assuming it to be an approximation. We suppose
that the wave function is not exactly an eigenfunction of spin, so that there are oscillations in real
spaceFor examplethe spin direction may rotate at a rate small compared to the magnitude of
angular velocity. For example, one can envision concentric spherical shells wobbling rigidly so
that the top and bottom points from the equilibrium position rotate in circled #imrzaxis,

yielding a net average angular momentuBut we assume that the approximation of spin
eigenfunctions is valid for the purposes of computing eigenvalues and correlations between
states.

Considering the lack of real oscillation in conventiogaantum mechanics, it is interesting
to note that physicists in the nineteenth century, led by William Thomson (Lord Kelvin),
proposed a model of vacuum as consisting of a fluid filled with vortices. This model is called the
vortex sponge, and still hats iadherents today. The model is also has relevance to the behavior
of liquid helium. This model would eliminate the requirement of oscillation, since steady flows
are possible in a fluid. The model can also produce shear waves propagating among # vortic
But the model is conceptually more complex that the elastic solid, so we will not pursue it here.

If we neglect gradients in the electron equation, we have:
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Ey =>Wby (147)

which has solutiongz=[1 0 0 O] andy=[0 1 0 Of for E=>W, andy=[0 0 1 O] andy=[0 0 O 1]
for E=- >W. For each sign dE, the two solutions differ in the sign of tkgcomponent of spin.
These solutions awuweorahdroniesdi ts@l asi disp.i nThe
negative signs o are assumed to correspond to matter andraatier, respectively. We will
now examine the relationship between matter andnaatier further.

3.7.1. Angular separation

Recal |l Di r ar@a e pagtigaas at i on f
Wy =-chi®Dy - iWby (148

The operatoil @y can be factored:

o e 0. 9 e 0Qg
udDy =s 4 +i—q@3Pf[y =5 4 - —» 14

y =5, g +HTqreBly =5 di - == (149
The twecomponent angular solutions of the eigenvalue equatib@sF (+) =l=-1+k and
uCD_F [I +2] - 1- k are well known €.g.(Bjorken and Drell 1964)), and are derived in

the Appendlx These two angular solutions are related Sz)(y:l( +) = F|(n)1 and vyield opposite
eigenvalues of the parity (spatial inversion) rapen.

These angular solutions may be combined to fovonindependent wave functions

(+) g & ()g
(+) _ 1eIGF 2 () _ 16 FF 15
d I‘sFF()E o rgGFl(rzlE (159

3.7.2. Velocity Rotation and Mass

It is instructive to compute the effect of mass lo@ wave velocity:

(151)



The mass term represents a radial acceleration of the wave, which is inward provided that the
appropriate sign is chosen f@v. This result implies circular propagation, consisternthvwihe
explanation of the relativistic massergy relation given in Chapter 1.

3.7.3. Wave Interference and Potentials

Next we investigate the origin of electromagnetic potentials. Certain observables (scalars and
vectors) should be additive when two wavessangerposed. This implies that when two waves
yaandysg are superposed, the total wavghas the property that:

Yyt =y A6V a+y 86V 5 (152

for some linear Hermitian operat@. If we simply added the two wave functions, we would
have instead:

b A+y Bl a+yel=y ACy a+y Gy 6 +¥ AGy & +¥ 8GY A (153

The additional terms are clearly not zero in general. However, they can be forced to zero by
introducing phase shifts to the wave functions. Using a subscript zero to represent each wave
function in the absence of interference; let

ya=exg-i [dB +,0]/2)V AO
Y= exd- iC"A/Z)J/ BO

The relative phase shift could be distributed between the two waweesncorporated intah

and ds, but we will treatyaas t he Ot egbas waked b sandrequiee theeav e 6
condition below to hold even withh and g5 equal to zeroLinear addition of the observab®

requires:

(154

YAGY g +YEGY A =0 (155

If either wave function is an eigenfunction of some additive observabth as spin
(Gy o=/ ynorGyg =/ ) for some scalaf), then this result reduces to:

Y B*+Y e a=0 (156
In terms of the unperturbed wave functions:
v ot ilp+dn- al/2y go +y goexdlilp +da- agl/2l po =0 (157)

If we interpret the quantity/ﬁyB as a tweparticle state, then interchanging the two et
yields:
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A _ A, _ A
b/AyBJAaB_yByA_'yAyB (158
This means that the twgarticle state is anBymmetric with respect to exchange of particles.

This symmetry is called the Pauli Exclusion Principle because it prohibits two identroarier

from being in the same statg { =y g yields yﬁyA:-yﬁyA). Thus the Pauli Exclusion

Principle results from the arbitrary separation of the complete wave function into two
independent parts. In quantum mechanics, theféwnion state is typically constructed as:

A A
Y AB :yByA\/EyAyB (159

so that the Exclusion Principle is automatically satisfied.

The constant phase shiit Z2has no effect on dynamics. However, some observables computed
from these independent wave functions may differ from those of the free particle wave. For
example:

y ﬁoGy A=Y ',i[exp(- i dg/2)Gexpidg /2y p =y ﬁGN/ A (160

Hence the effect of wave interfeiee is to change the operator for wave pagkgtfrom G to
Gj:

Gh =expl- i dg /2)Gexpli d /2) (161)
Applying this rule to the operatogg andH yields:

{ue +[expl- i dg/2)u expli dg /2)}y A = expl- i dg/2)i H explidg/2)y A (162)
H o oo o &
;—lcbluGDﬂuGD-w 5 (163
Substituting the general form of the Hamiltonian:

e i g. . € S a9

gut +§”tdBH/B +g°b15 GD+§cbls GDGIBl;J/B

(164

+gUA+UB)®+i—2(UA+UB)®dB§/B +i(‘#A+‘#B)C§2—J/i3 =0

Substituting the mass term for the free electron:
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G + = s o+ S D+ - cbys DY A
ge By ATg 2 s
: . (169
e .. | .. ] | .. .
+ @ +—(uptug)DdgV o +—|s +iWDH =0
gJB 2( A*Ug) BH/A 2[ B]VA 3V A
Since we are interested in the effects of the phase shift, we will neglect the extra terms which are

independent otk (without explicit justification). We then define the electromagnetic potentials
as:

(166)

Although the vector potentiah is a gradient, itcurl (the magnetic field) may be nonzero
becausea¥ is a phase angle which may be muttlued. For example, the muitalued function
dg = arctafx, /%) hasgradient components:

X2

Wag =-
2 2|W2
|x1 +x2|: : (167

X1

Hodg =
[x2 + x2|?

The curl of this gradient is clearly na@ero. See Kleinert (2007) for a discussion of rawdtiued
potentials in electromagnetism.

With these definitions, the electron equatioritie presence of another wave becomes:

e ..e_g@ e ... e . @ .

A +I—F A+ = V A+ = 16
gut I>FH/A 84;1915@) '>b150\H/A Wby =0 (168

Hence electromagnetic potentials result from wave interference under the assumption that
different wave packets are independent. The above analysis is notreeigephowever, as we
neglected changes in medium velocity and vorticity, and did not specify which observables
should be additive (total momentum density and total angular momentum density should both
have this property). A complete analysis of partioteractions would require knowledge of the
soliton wave functions of each particle.

Setting>wy o =i Hy , the modified Hamiltonian is:
H=-eF +ich0d® +chi A - Whs (169
c
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Multiple source waves may be treated sequentiallyeamstlas a first approximation. For a given

test wave, make it independent of the first source wave as above. Then take the modified test
wave and make it independent of the second source wave. Repetition of this process for all
source waves results in tlagldition of phase shifts or equivalently, the addition of potentials.
Matter and antmatter solutions are assumed to yield opposite signs of phase shift. One may also
infer that soliton waves with identical lomgnge (electromagnetic) potentials (e.gsipons and
protons) also have identical bispinor wave functions at large distances from their centers.

I n guantum mechanics, it IS necessary to tree
However, with a classical wave theory of matter it rhaysimpler to solve the single equation
for the total angul ar momentum density, then

comparison with experiment.

3.7.4. Lorenz Force

In terms of electromagnetic potentials, the modified Hamiltonian is:

A -gF-ichi®- bOGA - iud+wE
S —dF - ichu bu @A - iu w 5 (170
=qgF - ico0®D- b @A +Wbg

Recalling theu-dependence afF andw (and our change of sign of Hhe conjugate momentum for
IS NOW.

adlj g{ﬂj -y 1|E)+uny+ru po-gA+q (177

wherepg :yA{- iD}y is the free partie wave momentum.
The time derivative of any observalf)as:
w2y |=lw Aoy +y Ay +v Al =y AilH,Ql +y Ay (172

An example of this is the force density. Substituting the limearemomentum forQ yields the
Lorenz force law:

wp =y No&bi S AL boF - coa®@SIAZ. IH Y,
i & ¢ H &c U cut y
’ ) (173
cblu3§3 qA DqF-EEAUuy:yA“?CblG3EB+qEHy
cH y | ¢ y

whereE andB are the usual electric and magnetic fields, respectively. Hence the Lorenz force
has a straightforward interpretation in terms of classical wave interference.
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3.7.5. Magnetic Moment

The equation of evolution in eleotnagnetic fields is:
[ +igF +coa®@ +ighti Ay =- Wby (174

Using twacomponent spinors withy :[vl,yz]T, this equation can be separated into two
coupled equations:

e +igr)y s +[ci®- iqi )y, =- iy, 175
[ +igF o +[ci®- iqi Ay, =iwy 5

Lety, exp(- iWt)c; andy , =exp- iW)c,. Substitution yields:

[ +iaF]ey +[ca®- iqa e, =0

[ +iGF - 2iM]e, +[ci®- igtGh]e, =0 (176

Next, assume thdi, +igF |c,| < i We,|. This yields:

[ctidD- ighn]ctidd- iq&(”)\]c _
=

[ +iaF ], + i 0 (177

This is the Pauli equiain [], which was the first equation to incorporate electron spin.

b aalidi. aa
,utclz}euCP qz]\l/JVC[J qA]

+gF §c1 (179

Using the commutation relations for the Pauli spin matrices:

0 ico- galadicd- gaje; =si[- oy - GAls |- icn; - A ey

={[- icy - GA ] + ey isy[- i - qA‘][‘ i cuj - qul}Cl 179
={[- icy - 9AJ° - CGGCB}C1

Substitutionyields:

. - icy - GAJ? - cqa @B fl

I >l €1 = > : +qF ey (180
T 2W y

This equationis of course simply an approximate equation for two components of the Dirac
wave function. Nonetheless, it is of historical importance because it was used by Pauli to include
effects of electron spin. Without the spin term, the resultant scalar equation is thehaidinger

first used to compute the hydrogen energy levels:
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ol =f2
§ o1

Schr°dingerds equat i on starting poiatrirr teenstudlyyof quamtem c o n v
mechanics. Although simpler than the Dirac equation, it is far less intuitive. Both Lorentz
invariance and the connection with spin angular momentum have been lost.

sy =i Ch qﬁf]2
i

+qF Ey (181
2mc? Y

In a weak, uniform magnetic field with = B, 3 r /2, we can neglec¥’ to obtain:

- c?P2+icq(Bar|d - cghi B P
|>ut01_F Cq[ (Z)W] Cq 0+q|: a

(182
- A
S s chg\S[ra B+0), el =F- 2 02 20 g g + 29+ o i
r oo

2m ) 2mc

The final form with the spin angular momentum operater {i/2) is obtained by

comparison with the angular momentum operaf@8), This result is significant because it
shows that, in this approximation, the coefficient of spin angular momentum is twice the
coefficient of orbital angular momentum in the electron magnetic moment:

€ =- —[L + 28] (183

A free electron withg=-e, L =0, and|§=1/2, has magnetic moment equal (within 0.18%)
the Bohr magnetoe>/2mc=5.783 10°° eV/T .

3.7.6. Spin Waves

Consider the equation for theadution of spin £10):

1 S- c?P?Q+uddS- w3 S=0 (184
If we neglect the spatial gradients, we have:

mS=ws3S (189

The vorticity is given by:
1 1 e A. 1 (4]
==p3u=—9P3 - R Dy |[+=D3 S} 18
R e@ ! y) 2 Y (186)
Keeping only the term involving spin yields:
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utS:%D3 [p3slss=- %DZS3 s (187

This equation describes the simplest form of
ferromagnetic materials.

3.7.7. Measurement Correlations

It is widely believed that the correlations between polarization measurements of entangled
particles cannot be predicted classically. This belief is based on correlation predictions using an
equation of the form:

P(a,b) =A@, /1.0 )BO, /1o )7 (F1eesf 0 ) 1.0 (189

where /; represent variables which describe the state of the systdM,...,/,) is the

probability distribution of these variables,andb are the measured polarization directions for
the two entangled pactes,A andB are the theoretical outcomes of the measurement (x1), and
P(a,b) is the correlation.

John Bell [1964] proved that quantum correlations cannot be represented in this form. In
particular, he proved that for three different measurenk(a,tsél,...,/n), B(b,/l,...,/n), and

cle/ 1l )
1+ P(b,c)2 |P(a,b)- Plac) (189

This condition is violated by quantum mechanical (and physically observed) correlations, which
can be measured using two or moreipke$ whose spins are constrained. For example, if a pair
of spin ¥ particles is produced with opposite spin, the correlation between their spin
measurements by detectors oriented with relative gnigle

Cpair(/.) =- COQ (190)

This correlation violates Belad §andcare arigntetd ato n . F
angles 04, and ® /4, respectively, then:

(191)

The key assumption f Be | | 0is thal teearelaion is computed by multiplying the
theoreticalmeasurement resultd, and B, in the integral This assumes that for a given set of
parameters, the measurement result essentially propagates to the detector along with the particle.
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In fact, howeverit is the spinor wave functioy which propagates from place to place since the
first order Dirac equation is a kind of convection equatiomm er ef or e Bel | 6 s The
generally apply to classical waves.

To compute the correlation between two bispinor wave functions, consieldoltowing
properties: First, the magnitude of the wave function must be serded in each of the
components and positiv@efinite. Therefore:

b l=y" (192

Second, physical variables are bilinear in the wawection. Therefore it is the squared
magnitude which is of physical interest. Thenarmalized correlatio, between two functions

A 12
must be defined in such a way that the squared vboﬁm‘ is the seHcorrelation:

COO/A’yB):b/ﬁJ/B‘Z (193

Dividing by the magnitudes of each wave function yields the normalized correfation

cly », Colv ave) _ LVAVB‘ 9
Vv i Y 199

The correlation between states related by rotath(t’J') about amaxis perpendicular to the spin

S BTV (195

The correlation for angléple- () is cog[(p- / )/2]=sin?[j /2].

Assuming that spin measurements are coincident orcaimcident in proportion to the
correlations between the spinor wave functions, dheelationCs between spin measurements
separated by anglé is:

Cs(/):Cy(/')-Cy(p-/'):COSz/;z-SIHZ%:COS/ (196

In the case of pair production in ERfpe experiments, the s@ of the two electrons (or
electron and positron) are opposite (changintp o~/ above), thereby changing the sign of the
correlation. Hence the classical correlations are in agreement with the quantum correlations.
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3.7.8. Quantum Mechanics

In the preceding section we computed the correlation between two states related by rotation.
The two states may be denotedjny,t) andR(j ) y(r,t). The correlation at a given position and
time is given by 195. A more global correlation between two wave functigng ,t) andy(r,t)
at a given time is obtagéd by integrating over space:

‘r‘yﬁ/zd r‘ ‘ﬁ/ﬁyld r‘

MTONS 2 R

(197)

The correlation between spin ehalf states is nonegative, and the correlation of a wave
function with itself is unity. These properties provide the basis for a piadtigbinterpretation

of the wave functionsA givenwave functionmay bedecomposed into multiple wave functions
(states)andt he <correl ation between the oomputed. lhuncti
guantum mechanics, this correlationnterprete as the probability of detectiripat statewith a
measurement.

This means that correlations between physical states (as opposed to measurements) are equal
to the square of a complex amplitude. This fundamental property of quantum mechanics has
mystifiedgenerations of physicists. Yet we can now see clearly that this property of matter is due
to the simple fact that independent wave states are 180 degrees apart.

Temporal evolution of the wave function is expressed as:

o t2

y(rt,)= exp’je i fH (r,t)dtQ
(2 4

(rt) (199

-I-Q{)Ol

Therefore theorrelation betweean initial statey1(r,t;) anda final statey,(r ,to) is:

2
to

&
% nH (rt dtg/1d3

Cly 2(t2) lya(ta)) = (199
s L2l
In quantum mechanics, the states are normalized to one:
— Y
Yis———35 (200
e
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Dropping the primes, the correlation integrals are then written in the form:

(201)

2t ) iy 2lva)f” =

In quantum mechanics, this correlation represents the probability density for the initigd; State
evolve into the final statg .

3.7.9. Fermions and Bosons

Particles whose correlations are computed ac
in honor of the physicist Enrico Fer mi. Fe
parti cl e shkesedntludeaettnons,erotons, neutrons, neutrinos, and quarks. Recall that
the Pauli exclusion principle was derived from the assumption that the particle wave functions
were eigenfunctions of an observable (e.g. spin). If this is not the case, treeis the exclusion
principle.

Particles which can be super pos edtyerdramathc al | e
Bose Examples include photons amdmesons. Multiple bosons may coexist with each in
exactly the same state (and same position). In quantum mechanics the bepantithewave
function satisfies:

YWB Y&y a=0 (202
This condition is always satisfiedyf 5 =) g, S0 there is no exclusion principle.

To see how spin is related to statistics, consider a massless photon which in the plane wave
approximation satisfies the equation:

17Q - c?D2Q = | - k) +cE®) (209

Either (ut +cIEC'B)b =0 or (pt - clEC’iDb =0. In either case the vect@} obeys a convection

equation and is therefore the quantity used to compute correla@ons.a vector, which
transforms under rotation with spin one. Multiple photons can bergaged simply by adding
their Q values without the interference associated with spinors.

For another example, suppose fermiédnand B are somehow bound together with a joint
wave functiony 5 g which satisfies the exclusion principle:

A A

YeVa-Yas 20
- (204

YaB~=
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If we use y 5 g to compute correlations with an identical particle composed of fernfiddp

andB Nye have (noting that the order of column vectors is irrelevant since they may be regarded
as diagonal square matrices):

A A
Y arY ABi -V aBY AB

:gﬁyB'yéyA@/éiyAi'yﬁinig_g/ﬁini'yéiyAi@/é/A'yﬁyBg:O (209
¢ V2 B Y2 opeg V2 g V2 oy

Hence composite particles formed from two fermions behave statiglikallbosons.

In the Standard Model of Physics, the viewpoint is that fundamental particles are fermions
which interact through fields, and particles associated with the fields are bosons. We have seen
how this interpretation can arise from an underhdlagsical wave process.

3.7.10. Prior Knowledge and Statistics

Il nterpretation of gquantum statistics can be
in Figure[]. The cat is place in a box which contains a radioactive element, a radiation detector,
and a psonous gas. If the detector is triggered by a radioactive decay then it will in turn trigger
the release of the poison and thereby kill the cat. According to quantum statistics, at any given
time there is not merely a chance that the cat will be deadiver, dut the mathematical
description involves a complex amplitude for each possibility. Just as electron statistics were
descri bed above by a complex superposition of
described by a complex superpositio o f 6alived and o6édeadd stat
tempted to say that the cat is in a superposition of living and dead states, which is rather absurd.

There are different ways to resolve this paradox, but the simplest resolution is to say that the
cat really is either deadr alive, and not both. The complex amplitude merely indicates our
knowledge (or lack of knowledge) of the situation. Physicists previously rejected this logic
because they never realized that classical statistics (e.g. the ptplihbi the cat is dead)
should be computed in exactly the same manner as the quantum staflsticSopenhagen
interpretation of quantum mechanics posits that the statistical interpretation of the complex
wave function is also the physical interpratat(i.e. there are no deterministic physical variables
because if there were then their correlations would be computed differéftilyever, ve can
obtain the same correlations without the bizarre interpretation that the cat is partly alive and
partly dead until we open the box.

3.7.11. Hydrogen Atom

The proton produces a Coulomb potentieff (= - Zez/r ). Neglecting the vector potential in the
electromagnetic electron equatid68) yields:
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§ut+i§F +cblﬁ®§/=-in3v (206

Assume as before a temporal eigenvalpygs =-iEy, and assume that the angular

elgenfunctlonF( +) has even parity anEl(n)n odd parity. A wave function of the form (+)

yields the coupled radial equations:
e € e

E- “F-WG+cq, +

S

e € e kg

E- SF+WF- ¢ - 2% =0
& > T H g

Solutions to these coupled equations are obtained as follows (e.g. Schiff 1968):

(207)

For larger the asymptotic equations are:

[E- WG+cu,F=0

[E+WF - cqu,G=0 (209

which combine to yield:
[E2- W|F +c2u2F =0 (209
We are seeking a bound state witE? <W?. Therefore the asymptotic behavior

isF "~ exp(- ar) with a 1}[\/\/2- E ]/02 .

Now let:

F(r)=f(r)exd- ar)
G(r)=g(r)exd- ar) (210)

The coupled equations become:

‘?E-EF-V\Pg+c?r-a+f‘?f:o
& > g
) (211)
e e Kg
E-—F+V\/af C g 0
& > i 2

Assume that andg can be written as power series:
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n=0 (212

Let gt Ze2/ >cand match powers of

[E- V\l]gn_l- caf,.1 +axg, +c[s+n +/(] f,=0 213
[E+Wf,.1+cag, 1 +&f, - c[s+n- k]g, =0

We can eliminate thei1 terms to get a relationship betwdgandg,:

{[E- Wds+n- k]+c%a &g,, :{[E- W - czav[s+n+k]}f,7 (214
which for largen becomes[E - Mgn =-caf,.

For n=0:

990 +[s+k]fp=0

gfo- [s- k]gg =0 (219

The determinant for these coughlequations must be zero. This condition yields a solutiosi for

s=°k* - (216

Recall that the actual wave function contains an additional factor.of i¢refore we choose the
positive sign here so that the saodn is regular (or only slightly divergent #<1) at the origin.

Using the relation between coefficients derived above, the asymptotic behavior forisrge

- Zafn_l+/fn =0

(217)
2ag,.1- g, =0

The ratio between successive terms matches the Taylor series expansion far)exp(2

expl2ar)= 4 ,%[Zar]” (218

0
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If the series proceeds to infinitethen the wave foction would be infinite at large values of
To make the wave function finite, the series must terminate at some finite vatu€atfing this
valuen', Eq. @13 yields the relation between the highest coefficients:

cagp; =- [E"'V\’]fni (219

Combining this relation with eq214) yields an expression for the characteristic frequencies:

Eg=c?[s+nia =c?[s+ ni][\/\/2 - Ez]]/z (220
Solving for >E :

P

>E = >W1+¢?/[s+nif? (221)

These are the discrete energy levels of an electron in a Coulomb potential. The faetor of
which relates energy and frequency, is assurodzbtthe integral of the squared wave function.

Denote the energy by2! >E and mass bymec2 1 SW. These energy levels were actually

derived by Sommerfeld [1916a] using the model of a relativistic particle propagatingfticalli
orbits.

There are two main sources of discrepancy from the actual hydrogen energy levels. First,
we assumed a static potential, implying that the nucleus is unaffected by the presence of the
electron wave. By analogy with particles we can improwe dhlculations by replacing the

electron massW=mc’wi t h t he @ r>@id¢ c?m:gmg/[mem Enpq s wheremy, is the

proton mass. Second, we have neglected any effects of the magnetic vector potential.

The energy levels are typicgliclassified using a positive integer principal quantum
numbem and positive halinteger angular quantum numbé&# 4 - 1/2:

n=J+%+ni (222

In terms of these quantum numbers the energy levels are:

¢ ot
2
e:>w;¥1+ - 9 ZE (223
ll gn J-1v2+[a+12- gzg%/

The table below compares measured energy levels (relative to the ground state) with energy
levels calculated using this formula. The configuration lahie) {ncludes the principal quantum
numbern followed by a letter code for the orbital angular momenitturs=0, p=1, d=2, f=3, etc.
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Notice that the formula above does not distinguish between diffeneadties for the sameand

J.

Configuration J Measured Level (eV)  Level Computed from (221)
1s 1/2 0 0
2s 1/2 10.1988101 10.1988390
2p 1/2 10.1988057 10.1988390
2p 32 10.1988511 10.1988843
3s 1/2 12.0874944 12.0875263
3p 1/2 12.0874931 12.0875263
3p 3/2 12.0875066 12.0875397
3d 3/2 12.0875065 12.0875397
3d 5/2 12.0875110 12.0875442
4s 1/2 12.7485324 12.7485650
4p 1/2 12.7485319 12.7485650
4p 3/2 12.7485375 12.7485707
4d 3/2 12.7485375 12.7485707
4d 5/2 12.7485394 12.7485726
4f 5/2 12.7485394 12.7485726
4f 712 12.7485404 12.7485735

n- o 13.5984340 13.5984671

Table II. Measured and computed hydrogen energy levels.

Ralchenko, Yu., Jou, ¥., Kelleher, D.E., Kramida, A.E., Musgrove, A., Reader, J., Wiese,
W.L., and Olsen, K. (2007). NIST Atomic Spectra Database (version 3.1.2), §Dwailable:
http://physics.nist.gov/asd3 [2007, May 8]. National Institute of Standards and Technology,
Gaithersburg, MD.

While the agreement with experiment is good, it must be noted that the assumed
Coulomb potential is simply empirical (as it iss@lin conventional quantum theory). For a
complete theory the potentials of the nucleus should be derived from its free particle wave
function.

3.8.Symmetries

fil cannot believe that God is a weak {efindeg 0

Y% Wolfgang Pauli
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3.8.1. Spatial inversion

Spatial inver®n (conventionally called the parity operatidh,though we will use the letter
M for mirroring) is the process of inverting the three spatial axes. This operation corresponds to a
mirror image followed by a 180 degree rotation about the axis perpemdiouthe mirror. Since
rotation does not affect any physical |l aws, w
for fispatial inversiono when referring to ger
generally taken to mean that when sglatnhversion is applied to any physical process, the
resulting process is equally frequent in nature. Parity violation means that a process and its
mirror image are not equally likely, and maximal parity violation means that spatial inversion of
a physicabprocess yields a process with no physical interpretation.

In this chapter, we are not interested in the relative frequency of occurrence of events and

their mirror i mages. We are only concerned Vv
themirrc i mage process possible in nature or not
Ami rror asymmetryo, and existence of a mirror

Whenviewed in a mirror, alknown physical processes appear to proceed as if metiedr
antrmatter were exchanged’he simplest explanation for this observation is that spatial
inversion exchanges matter and anttter. Let us consider how the wave function changes
under spatial inversion.

3.8.1.1. Conventional parity operator

Di r a c 0 sequation fgria frea particle has the form:
Wy +chsiy =-1Wbgy (224

where W1 m02/>. The b -matricesmay be taken as

l

80 0 1 0§ ggo-i 00 8l 0 0 09
9 0 0 15 ® 0 0 -70 ® 10 05
0 - 0

— b - b = X 22
b5 o o o0 % o0 0 °®o0-100 (229

é%loog DT o oY é%oo-lg
Where | is thepseudoscalar imagingrgs will be seen below.

The spin matrices' utilize a true scalar imaginary Y:

80 1 0 0§ & -i 0 04 31 0 0 0§

& 0 & 0 & 0
s_aé.OOO'o‘_ o =2 0 0 0¢ s_a@-lo 06 (226
17% o o0 10 “® o o0-ig °B® o1 o0

§010§ ® o i o2 é%oo-lg
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Multiplying the Dirac equation by/A and adding the Hermitian conjugate equation yields a
continuity equation:

wl A [+ody Aniy ] =0 (227)

This relationship is sufficient to establish the probability den;u't@/() and current ¢ Ablﬁy )
as the components of a Lorentz fvector.

Although the above analyss satisfactory, it igurrently fashionable tose the notation:
L b3 b g Ps (228
and multiply each term in the original Dirac equatia@4j by go to obtin:

Py +eduy * gl =-iwy (229

This procedure cannot have any effect on the transformation properties of the Dirac matrices.

The conventional parity operatét is assumed to have the fornRy (r)=Uy (- r). It is

derivad from the requirement that the Dirac equaiiomhe form(229) be invariant with respect
to the transformation:

PuUy (- r)+egd WUy (- r)+iwuy (- r)=0 (230

Inverting the parity operator yields:

U %0y (r)- cu Ygupy (r)+ivu - uy (r)=0 (231)

Equivalence with the original Dirac equation requires:

U1 =¢°
ulgdu=-¢4 (232
ulu=1

These conditions are satisfied byg°. Within an arbitrary phase factor the conventional parity
operator is therefore:

Py(r)=g%(-r)=by(-r) (233

There are two problems with this derivation. First, the farn(r)=Uy (- r) is not the most
general possible operator. For example, the conventional charge conjugsgiatop includes
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complex conjugation. Second, the mat@(?:bg, is not inverted because it is presumed to
represent a temporal component of a feector. This illusion is maintained by rewriting the
probability density and current compaong asy_goy andy_giy , respectively, withy 1 yAgo.

This change of notation does not change the fact, however, that the probability density is
independent ofgo. The matrix associatedith the temporal part of the probability current 4

vector is the identity matrix, nqyo. This is an important flaw in the conventional derivation of
the parity operator

Since the 4vector (/ ”y 5% Agsl‘]y ) is indeed Lorentmvariant, there is absolutely no basis

for the claim thatgO is a temporal component. On the contrary, we will show tj%tis
geometrically related to wave velocity and may quite nealSly be inverted by spatial inversion.

We will see that the resulting spatial inversion operator inverts all of the terms in the modified
Dirac equationZ29).
3.8.1.2. New spatial inversion operator

In discussingspatial invesion, it will be necessary to define two different unit imaginary
numbers. As defined above, the product of spin matrices is a true scalar with regpatiato
inversion

itsls?s3 (234

The s-matrices are not wrolved in spatial inversion, which inverts the wave velocity but not
the spin. However, we can identify three matrices associated with polar vectors which have the
same algebra as tlsematrices.

The b matricesdefinedirections relave to the velocity vector <cblﬁ> :<cg50>, where

the brackets indicate expectation value One can also define absolute vectors
((by),( bo3),(B30)). Y If the wave function is an eigenfunction of velocity aligneih a

spatial axisx, so thatchsy =cy , then (usings\% =1):

yhebsy =y s, Jobss [isw ] =-yPobssy =0

‘ X ‘ (235
v cbysy =b blsvlcbzsv[blsw] =-y"ebysy =0

These results follow from the fact théj is a reflection operator for both, and b5, and the
only number equal to its negative is zero. Therefdrgl) and (b5ll) are indeed perpendicular
to velocity <b1L°J> for velocity eigenfunctions. For emxmle, in our notation the wave function

y,=@ 0 0 12)' is a simultaneous eigenfunction s, b,5,, and bsss. Therefore the
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three vectors(f;0), (b,0), and (b30) are mutually orthogonal vectors (léfanded) in three
dimensional space, at least for velocity eigenfunctidrse vector(bli)) is parallel to ¥ .
Rotation of the vectof£y{) by - 90 degrees about the relative vectnr yields (b30) , which is
parallel toX;. This is of course the same as rotatiorkpfby - 90 degrees about, , which is
associated with the matrix, . It is therefore clear that for velocity eigenfunctions, the relative
vectors represented byby, b,,b3) are geometrically equivalent to the absolute vectors
represented bs,,5,,53). We assume that all three vectdrg(), (b,0), and(b30) are polar
vectors so that the vector spdda, b,, b3) does not have mixed parity.

The matrix factorg‘ozb3 in the conventional parity operator represents a rotation by 180
degrees about théy axis (E3 in our example). This operation inverts only two of the three
orthogonal vectors associated with velocity.

Compare this situation witktlassical transverse waves in a solid. We could define an
operator (analogous to the DirBoperator) which reflects the equilibrium position of each point
in the solid, and also reflects the wave velocity direction. We alsetilogal displacements and
velocities along one of the two axes perpendi
wave would propagate along just as one would expect for the spatially inverted wave. But of
course the operator we definednist the spatiainversionoperator, because we failed to invert
one of the axes of the local displacement and velocity of the solid medium (in total we inverted
two of the three local axes, corresponding to a 180 degree rotation about the third axis).
Similarly, the DiracPoper at or i nverts the Awaveo (or fpar
only one of two other quantities which aygee o met ri cal ly rel ated to th
degree rotation in the velocitgpresentation spacejVe will derive a new spatial inversion

operator which inverts all three vectdig (), (b,0), and(b3l) associated with velocity.

The spin matrices; are components of a pseudovector and should not be invEnegkfore the
spatial inversion must be accomplished by inverting the three relative méibicés, b3). This

requires that the associated imaginai~ry be a pseudoscalaras assumed abové&he unit
imaginary associated with mass is assumed to be a pseudoscalar since it is multiptigdity (

theoriginal Dirac equation.

The roles of the different imaginaries can be clarified by faugathe Dirac wave functiom
a manner similar to that of Hestenes [1967]

y(r)r a¥? exp(isl/i)exp(blsiai)exy;(Tblz)/o (236

It is clear thatis; = ik S jSk/2 is associated with rotation in the plane orthogonal tacthe

axis. Similarly, i b, = by b3 is associated with rotatian the velocityrepresentation space
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Next we define a new wave function in which all imaginary pseudoscalar factors are
invertedy#(T)ly(- i~). This pseudoscalar conjugation operation differs fraommplex
conjugation, which inverts both scalar and pseudoscalar imaginaries. Pseudoscalar conjugation
inverts (b,) since:

y oy %=l Aoty [ =l A bl =y A boly (237

The spatial inversion (or mirroringgperatorM) which invets all of the relative velocity
vectors, is then (within an arbitrary phase factor):

My ()t ym(r)= by *(- r) (239

This operator inverts observables computed filam b, , andb; independently of the change in
sign ofr.

The Dirac equation for a particle in electromagnetic potentials is:

W +ChyS ' + 1 bW ieF - ieblsiAi]y =0 (239

When applied to this equatiothe parity operator invertds, by, i , andp; (the matrices are

inverted because they awcthmmute with 6,). Denoting spatially inverted quantities with
subscriptM, the spatially inverted Dirac egtion is:

W +ebys' b + 1 bWy +iTey F +i#b15i(eMAMi)]yM =0 (240

We assumeW,, =W. The transformed equation has the same form as the original Dirac

equation except for the sign of the vector potential term. This sign change is necessary f
consistency with gauge transformations. The gatagesformation

eFi=eF +,c
eAj=eA - Bc (241)
yi=ex-ic)

suggests that the scalar potential may be regarded as a time derivative and the vector potential
may be regarded as a spatial dative. TakingF * p,g and At B3 G +bg would leave the

form of the equation invariant:

W +chys'py + 1 bWy +i%ey gy - i7ey 0 dD3 Gy +Dgy, )]J/M =0 (242
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The scalar and vector potentials must have oppspidial inversion eigenvalueg/e will
assume that:

MieF (r)] =i"ey Fy =-ieF (- r)

MlieA(r)] =i%ey Ay =iea(- r) (243

The transformed Dirac equation is then:

[+ cbrs' + oW - i F (- 1)- iew i A (- 1]y =0

With these transformation properties, we will show that the new parity operator is consistent
with an exchange of matt and antmatter.

3.8.1.3. Eigenfunctions and eigenvalues

Next we consider the effect of the new parity operator on the eigenvalue equation. For
simplicity we assume the vector potentiél to be zero. Assuming temporal dependence
expl- i Et), the eigavalue equation is:

[-iE+ieF +chad®] y =- i Why (244)

The operatoii Dy can be factored:

o o e 0. a e 0Qg
udy =s, Y +i—I 3Dy =5 4 - —» 24
y =s g +io@eBly =s b - == (245
The twocomponent angular solutions of the eigenvalue equaﬁ(ﬁ'mt: (+) =] =-1+k and
uCILF( =-[1+2]=-1- ¥ are well knowrd? These two angular solutions are related by

S, F( ) Fl(% and vyield opposite eigenvaluesider coordinate inversiorr ¢ r). Only the

true scalar imaginary can appear within these functions.

Denote two wave functions as:

() & ()g
(+) _ ]_el GF ) :} i FF
Y rgFF()E oy rgGF() (249

G:_.C

Each of these is an eigenfunction of the conventionalypapierator, but they are exchanged by
the newspatial inversioroperator:
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(247)

Using y *)in the (original) Dirac equation yields the coupled radial equations:

e kg
[E- eF - V\AG+cgur +?§F =0

e kg Gat/
[E- eF +WF - cgr - ?HG:O

vy ) yields similar coupled equations with opposite sigE @ndeF, as expected for exchange
of matter and arwinatter. The energy levels for *) in a negative Coulomb potential are

therefore equal and opposite to the energy levelg GFin a positive Coulomb potential. The

need for this result was the reason for assuming that the parity operator locally inverts the scalar
potential termieF (r ).

3.8.1.4. Weak interactions

The projection operator for leftanded spinor components is:
yo=(0- b (249

The unit matrixl is a scalar and; is a pseudoscalar. However, the projection operator does not

violate mirror symmetryso long as the reflected counterpgr :(I + bl)My is as physically
plausible as the original projected wave functi®mnce the newspatial inversionoperator
exchanges matter and antimatter, all of the elementary paitigl@sed in the weak interaction

do in fact have spatially reflected counterparts in nature (electrons and positrehantkftl
neutrinos and righthandedantineutrinos, etc.). The mathematical form of the weak vertex factor
is entirely consistent witmirror symmetry

3.8.1.5. Comparison with conventional PC

The conventionaPC operator is:

PCy (r)=ig%% (- r)=ig’sy (- 1) (250

This differs from ourspatial inversioroperator by an arbitrary phase factor, the factor of
9°s ,and conjugation of the scalar imaginary (denoted/by y #). The factors , is, within a
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phase factor, simply a rotation by about thex, axis: 52=i'exp(- i'szp/z). Complex
conjugation of the scalar imaginary inverts the spin compdgent

PCS, :y*éy*:[‘/Asz*yT:L/A[-SZL/T:-yAsy:-SZ (251
Therefore the net effect of - s2y ™ is to invert the spin.

The additional factor ofgO inverts velocity by rotation othe velocityrepresentation

matrices. Applied to the matter and amtatter eigenfunctions, it is equivalent to inverting the
spdial arguments in the wave functions. Therefore the conventiB@abperator, though it
exchanges matter and amatter,differs significantly fromthe newspatial inversioroperatorM.

3.8.2. Time reversal

Physically, time reversal must invert the time derwatioperator, velocity, and spin
independently of the change in argument. One of the electromagnetic potentials must also be
inverted. Velocity and spin are both inverted by the transformation:

By (t)=ys(t)=s% *(- 1) (252

The velocity-representation spach,gA',go) is unaffected bythis transformation. By

contrast, the conventional time reversal operdtgr(t)=is?y " (- t) invertsg* but not other

matrices of velocityrepresentation spacdhis suggests that the conventional time reversal
operator is also incorrect. However, unlike the conventional parity transformation, there is no
empirical evidence to validate this claim.

Applied to the Dirac equation, the new time reversal operator yields:
B{[Ut +cg®s ' + 1 gPW+ieF - ieg5siA]y} (253
=- | +cg’s' - 19°Wg - i PegF g - i*#gssieBABi]yB =0

We recover the original form of the Dirac equationf =- W (i.e. W is an eigenvalue of

an operator which transforms like a time derivative) and the poteratralsinterpreted as
derivatives.

We assume the potentials to transform as:

Blier ()] =i™#egF g =ieF (- t)

25
BlieA] =i#egAg =-ieA(- t) 29
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According to our interpretation of matter and anatter as mirreimages, time reveal
does not exchange the two.

3.8.3. Combined Transformations

The combinedVB transformation is:

MBy (r.t)=g*soy " (- r-t)=ig? (- r-t) (255

This is closely related to the conventional charge conjugation transforn@tion

Cy(rt)=g'sy (rt)=g% (1) (256

The conventional charge conjugation operator inverts the spin and velocity in place, without
inverting the spatial or temporal coordinatiesterms of dynamical behavior, charge conjugation
has the same effect as inverting the sign of thetreleagnetic potentials in the Dirac equation.

The conventiondPT transformation is:
PTy (r.t)=9% o (- r.-t) (257

This differs from the newMB transformation by the factog5, which rotates the velocity
representation space by 180 degrees.

The conventionaPCT transformation is:

PCTy (r.t)=g% (- r.-t) (258

This transformation is the conventional theoretical relation between matter and
antimatter. Compared with tHdB operator, itdiffers only by charge conjugation (which has

similar effect to restoring the potentials inverted) and by the factog5.

3.9. Mathematical and Physical Properties of Spinors

A éour present thinking about quantum mechanics is infestéd
the deepest misconceptiois.

% Stephen Gull, Anthony Lasenby, and Chris Doran [1993]
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3.9.1. Spinors and Inner Products

An understanding of some mathematical properties of spinors will be useful. Expressions for
physical quantities (e.g. Q) are computed frgmerators (e.Q) in the form:

=2ty Ao l- 25 Ao b e 259

Since the adjoint of a scalar is its complex conjugate, the physical quantity Q-valcesl.
When integrated over space, such expressions take the form of an irthetpro

<Q>=%[(f,g)+(g,f)]=%ﬁ[ng+gAf]d3r (260

The guantity <Q> is the integrated value (or expectation value in QM).

A complete space of functions with an inner product satisfying some simple propemges (
l'inearity) i sacadl edt asoHi il bestf ep our pur po:
defined above satisfies all of the necessary criteria.

[Note: the inner product is often defined using only one of the terms in the integrand above
(without the factor of ondalf). With thisdefinition local densities may be complex even though
the integral is real.]

The inner product between two spinor functions is analogous to the dot product between
two vectors or the correlation between two scalar functions. The inner product of a spinor
function with itself is its positiweefinite magnitude:

[£]7=(f.f)=rfAfd* 2 0 (261)
In terms of components this is:

(f.f)=f@ f,f,d20 (262

a

The local projectionpgy (r) of one functiony(r) onto another functiok (r) is defined
as:

pey (1) =MFG) (263

FAr)F()

The global projectiorP-y (r) of one functiony onto another functio# is defined as:
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Ry ()= E2 e ) (269
F|

The term O&édprojectiond by itself generally re

comparison, the projection of a vectonto a vectob is the component cd that is parallel
with b:

Pbazﬁb:[a (3 (269

If an operator has Hermitiarh-l’f‘:H) and antiHermitian (AA: A) parts, then only the Hermitian
part contributes to the physical value:

Q:%[[[H +A]y]Ay +yA[[H +A]y]]:%[yA[HA+ AP+ H +A]V]:yAHy

From this we can conclude that the condition for a-vahled inner product is that the operator
is Hermitian Q" = Q). For example consider tlspatial derivativeD; = p/px; :

(f.p,f)=ff %, f d*r (266
The adjoint is:
(.0, 1P =, ]t d* (267)

Integration by parts yields:
dp, 111 0% =@, t41 % =[nas, A1) - @t 1] (269
]

We assme that the spinor functions fall to zero prior to reaching the boundary of
integration {.e. that the boundary is sufficiently far that there is no contribution to the volume
integral outside the boundary). This assumption allows us to discard the boteway but
limits our ability to give physical interpretation to the local functions. Assuming the boundary
contribution to be zero, we have:

(f.0,f)=-(f.D 1) (269
Hence the spatial derivative is an a@d@rmitian operatornfinus sign rather than plus sign).
Clearly this property holds for all components of the gradient, so we can write:

(f.Bf ' =-(f,Bf) (270
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Which leads to the rather obvious expression for the integrated value:

This relationship in operator form is:

(271)

Note that the form of the gradient operator is not changed by the adjoint operation

( ). The sign change comes from transposing the opefratm the left to the right side
(via integration by parts). Note that:

(272

This expression is obviously not zero in general, but its volume integral is zero as long as the
functionf falls off sufficientlyrapidly near the integration boundaries.

It is simple to construct a Hermitian operator from the gradient operator by multiplying it
with the unit imaginary:

(273

3.9.2. Matrix Algebra

Before proceeding further,\till be useful to tabulate some relationships between matrices.

(274

In the Dirac representation of quantum mechanics these matrices reg@sigfiy®, and g°,
respectively.

In spherical coordinates the sigma matrices are:
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