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Chapter 3. Elastic Waves and Quantum Mechanics

AANn ocea traveler has even more vividly the impression that

the oceanis madeofwakeh an t hat it i s made of wat e

— Arthur S. Eddington

3.1.Introduction
ié we must hang on to the basic ideas
— Paul Adrian Maurice Diraf1989]

The theoetical developments discussed in this book were accompanied by myriad
experimental discoveries, most notably in the laboratarfiels J. Thommon[Figure 31] and his

of

student (and later successor at Camb)idfgeest Rutherfat [Figure 32].J . J. Thomsonds

of cathode rays led to his discovery of the elec{@97]. Rutherford[1911, 1914]observed

that beams of alpha particles occasionally scatter at large angles from a thin target. This

observation led him to proposthat atoms contain a positively charged nucleus of extremely

small size (of ordel0~*? cm radius) surrounded by a much larger volume (of ot@e? cm
radius) of negatively charged electrofifie Rutherford atomic model became the basis for all
future theories of atomic structure.

We have already mentioned the beginnings of quantum theory in the introduction to the
previous chapter. Now we will discuss events which led to the developmamnwaie equation
for the electron. This synopsis is based largely on WhittakeA]195

According to B h ratormic model [Bohr 1913jhe electron energy levels in hydrogen
are:

2 -4 4
_27rem: e'm :—Ri (1)

W = -
h?n? 2>2n? n?

whereR is called the Rydlrg constant. Radiation is emitted when an electron drops from a
higher energy level (largam) to a lower energy level (smalley), and the frequency of the
radiation is proportional to the difference in energies.

William Wilson [1915] and Arnold J. W. Samerfeld [191%,1915h 19164 [Figure 33]
recogni zed Bohr 6s qguantizati on of angul ar

guantum numben) to be a special case of quantization of actiép;dq =h, whereq; is a
coordinate variable angl is the corresponding momentum. Sommerfeld explained much of the

0fine structured of hydrogen spectr al l i nes
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including relativistic inertia corrections and a new azimmbtfuantum numbeét. The relativistic
correction to the energy levels of hydrogiée atoms is:

4 4
AW = c§>2 Rn3kz(< — 2)

The fine structure constang?/c>~1/137, represents the ratio between the velocity of trst fi
Bohr orbit and the speed of light [Whittaker p. 120].

Karl Schwarzchild [1916] and Paus Sophus Epstein [1916] used action quantization to
derive the spectral line shifts for hydrogen in a strong electric field (Stark effect). Sommerfeld
[1916b] and Pder Debye [1916] explained the splitting of spectral lines in a strong magnetic
field (Zeeman effect) by using three quantization conditions: ene)gyn@gnitude of orbital
angular momentuml (= k—1<n), and component of angular momentumatial to the applied

magnetic field in). Note that|r11 <I| . Quantization of a single component of angular momentum,

termed Ospace quantizationd, was verified whe
silver atoms into two discretmmponents simply by applying a nonuniform magnetic field.

Principal spectral lines of alkali elements (e.g. Na) are doublets which could not be
explained by the aforementioned quantum numbers. Various schemes were proposed to include
an additional angatr momentum quantum number which was generally supposed to be
associated with the atomic core. Wolfgang Paligputed this identification of core angular
momentum in part because it led t@dependence in the relativistic energy shifts. He instead
attibuted the quantum numbegrto the radiant electron which possesseficlassically non
describable twevaluedness . H1®2b] also observed that restriction of each set of quantum
numbersn, k, j, andmt o a singl e el ectr onasgandisent withxhe |l usi o
notion of electron shells (proposed by Edmund C. Stoner and J. D. Main Smith) which close
when all of the quantum numbers for a given value arfe filled by electrons.

Ralph Kronig realized that seffotation of the electron withngular momentum o$/2
would explain thez*-dependence of the doublet energy shifts, but since his calculation of the
energy levels was off by a factor mfo he did not publish his idea. Uhlenbeck and Goudsmidt
[1925] did publish the idea of electron atgumomentum o#/2, butunsuccessfully attempted
to withdraw the paper after realizirthe factor oftwo discrepancy. At this timélewellyn
Hilleth Thomas 1926,1927] resolved the factor oivo discrepancy by publishing a paper which
demonstrated thahe (classical) relativistic precession of the electron magnetic moment in the
internal atomic magnetic field, and hence the splitting of energy levels, had been computed

incorrectly. Hence the electrorspinangular momentum o2 was established.

WernerHeisenberg [1925]Figure 34] proposed that transitions between stationary states
(e.g.mandn) could be represented by an array of elementsXgpwhose amplitude is related
to the likelihood of the transition. Ma&orn [1925]and Pascual Jordan quickly developed this
idea into a complete formulation of matrix mechanics in which commutation rules replaced
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action integrals as the basis of quantization (epg: pq=i> whereq is a coordinate angis the
cornjugate momentum).

Louis de Broglie [1924] proposed a novel e
proposed that mattésas a wavelike character with energy proportional to frequeneyw and
momentum proportional to wave vectokr >k . The periodic condition foa wave ofwavelength

A propagating in a circular orbit of radius

27 =ni 3

implies quantization of angular momentum:

p=n> (@)
Erwin Schodinger [1926][Figure 35] subsequentlypublished a differential wave equation

based on de Br ofptanerklativistiaparticke of mass in a gotentiaM(r,t),

the energy is given by:

2

p
E=_4v 5
- )

The correspondiondifferential equation for de Broglie waves is calledS$ichbdinger equation
i>a—l//:—>—V21// +Vy (6)
2m

where the wave functiony is a complex scalafFor a Coulomb potentiaM(= — €¥/r) this
equation yi el ds energy ei genv &hodmger irstiglly a | to
interpreted the wave function to be related t
interpretation of v iy as a probability density was soon widely accep#edprobability
conservation equation can be obtained by multiplyingnd adding the complex conjugate:

0 2 i> ¢ 2 2 x ’
< Z 7
T+ Zmﬁfw}PWQf_ )
The Schédinger equation s theclassicaHamiltonian form(see e.g. Goldstein [1980])
. Oy
—i>>>+Hy=0 8
> tHy )

with —i>y representingda mi | t o n 6fenctipnrwhasecgragient is the momentpm

The differential equation correspding to the relativistic energmomentum relation
E2 = p202 +rrt2)c4 is called the KleirGordon equation (or relativistic Schrodinger equation)
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2 0%y

atZ

—> = —>*C*V2y + micty )

Interpretation of this equation proved more diffichan Schiéd i n g e rrdasivistic equation.
It does not have the classical Hamiltonian fomith a firstorder time derivativeThe resulting
conservation equation @btained by multiplyingy”~ and subtracting the complex conjugate

ol i>e| ~op oy’ —i>e [~ .
=y v = Yy vy Y=0 10
&{chz{wat wat}}+ {Zm[( wwwy (10)

The density in this equation (the firsquare brackets) can haveither sign, making it
problematic as an expression for probability dendignetheless the Kleibordon equation
eventually became accepted as a dpson of particles with zero spin.

Schr°dinger subsequently demonsigp-ag=ed t hat
follows immediately from the definition of conjugate momenta as derivatives:

> 0 > 0 .
G P R .

Pauli [1927][Figure 36f mu | t i pl i ed Schr odi ng-eomposentfeatore f un
(termed aspinon to model the twevalued space quantization due to electron spin. Multiplicative
operators on Pauli spino@re linear combinations of independent22matrices which by
convention are:

10 01 0 -i 1 0
':[o 1]’ sz[l o]’ ay:[i oj’ 02:[0 —1] 12

The last three of these matrices form a vector (i.e. transform as a vector under rotations) and are
called the Pauli matrés.

Paul Dirac [1928]Figure 37] finally derived avalid relativisticwave equation by extending
the wave function to four components and using matrix coefficients. The Dirac wave function
has four complex components whicmndoe written as:

4

v
V= 2 =|/1 Yo W3 l//4:r (13)
V3

!
Such a wave function is called a Dirac spinor or bispinor. A Dirac spinor can be decomposed

into left and righth anded Paul i spinors which each have
eguation describing an electron in an electromagnetic potential is:
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i>§w:—i>ca-vw+ﬁn1eczw+ ecD—ea-AE/ (14

wherea andp} are the matrices:

0 0 01 0O 0 O —i 0O 0 1 O
0010 O 0 i O 0O 0 0 -1
axz ’ayz i ;azz
0100 O -i OO 1 0 0 O
1 00O I 0 0 O 0 -1 0 O
(19
1 0 0 O
ﬂ_OlOO
/00 -1 0
00 0 -1

Dirac also demonstrated that quantum mechaeigahtions could describe multiple particles
by introducing a new wave function whose integrated square magnitude is taken to be the
number of particles. This procedure is called
Dirac developed this methddr bosons by assuming the scalar amplitudgsaf various states

(k) to be operators which satisfy the commutation relaapmf—akAa, =9y - The productz;\kAal<

then hasonnegativeintegereigenvalues and represents the nundfgrarticles in each state.
Jordanand EugeneWigner [128] adapted this idea to fermions by using an-aathmutation

relation aka|A+ akAa1 =9y . In this case the prodU(HkAak has eigenvalues of zero and one,
consistentwithPdui 6 s excl usi on principle.

Diracd6s equation remains the foundation for
particlephysi cs fAasserts that the materi al i n the
interacting through fields, of which they atlee sources. The particles associated with the
interaction fields are bosons. o0 [ Cottingham
regarded as dimensionless quantities whose magnitude at any point represents a probability
density for the presence oh® or more particles. Some efforts were made to formulate a
classical interpretation of the wave function (notably by de Broglie [1928] and David Bohm
[1952], see e.g. Goldstein [2002]) but none was successful in thee@eury.

The mathematical and geetnical properties of spinors were first studied by the
mathematician Elie Cartan in 1913 (see e.g. Hladik [1999] for a mathematical analysis of
spinors). The algebra of spinors is closely related to that of quaternions, which were invented by
Sir William R. Hamilton around 1843 as a generalization of complex numbers to higher
dimension. Quaternions consist of four real components. They can in fact be written in matrix

form with basis vectorf o, oy, ando.
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Spinors have historically been regarded by mathematicians as operators (linear
representations of rotation groups) and by physicists as abstract quantities with no classical
interpretation. However, David Hestenes [1967] developed a-$ipaeealgebra which provides
a geometrical interpretation of the Dirac equation. The wave function describes a generalized
Lorentz rotation (spatial rotation and velocity boost) in addition to an amplitude and one
additional parameter which appears to tranmsfbetween matter and antiatter.

There have been successful attempts to reformulate the Dirac theory in terms of relations
between local physitabservables [Takabayashi 195Hestenes 1973]. The Dirac equation
uniquely determines the evolution of &cdynamical quantities such as angular momentum
density, linear momentum density, and energy density. In other words the Dirac equation is
deterministic with respect to dynamical quantities.

In this chapter we wiltlerive aDirac equatiorio describeotationalwavesin an elastic solid.
We will regard 6 p a r tas edlitenss6lutionsWe will then derive numerous properties of
elementary particles from this model.

3.2.Torsion Waves

..there are circumstances in which mathematics will produce results wibiaime has really
been able to understand in any direct fashion. An example is the Dirac equation, which appears
in a very simple and beautiful form, but whose consequences are hard to understand.

— Richard P. Feynman, Robert B. Leighton, and Matthew Sd9é¢3a]

Quantum theory developed from an initial classical picture of matter as particles. Yet we
have seen thapecial relativity is a natural consequence of the wave nature of matter. Therefore
the classical theory which corresponds to quantum mexhanust be a wave theory. One
historical dilemna of quantum wave theory is the lack of an obvious physical interpretation of
the wave amplitudeddax Born suggested that the wave intensity be interpreted as a probability
density,buthe emphasized that.the probability itself is propagated in accordance with the law
of causality” Born 1926. While there is naloubtthat thequantumwave functions can predict
the likelihood of experimental results, their evolution indisatausal rather than stochastic
interactions.

Actually, the dynamical interpretation of the wave functimasm be resolved by simple
dimensional analysidn terms of Dirac spinors, thecomponent of spin angular momentum
densitys; is:

> (1,
SZ = —[|— GZ (16)



. . . 2 2 2 2 2
where i is the 4component complex wave function with|” =|y,|" +|w,|” + || +|w.|” and
o, 1s thez-component spin angular momentum matrix:

100 0
0 -10 O
- 1
2%l 0 1 0 (17
00 0 -1

The leading factor in Eq.6is simply a constat which establishes units.

Construction of a classical wave theory of matter must therefore begin with waves
carrying angular momentum. Classically, angular momentum is associated with rotations of
inertial bodies. Waves of angular momentum require mby mertia but also torquevhich
resiss rotations. Generation of torque in response to lodakioms implies elasticity. Therefore
the classical model of matter waves consists of rotations in an elastiq(teodidn or shear
waves) We already knowhatthe elastic solidvas the basis for classical wave theories of light,
sowe can proceed wittomeconfidence

First consider torsion in one dimension, such as on a torsion wave machine or a stretched
out rubber bandFigure 3.8). A torsion wave machine has at least one intriguing parallel with
particle physics. If one rotates a single rod near the center of the wire, -hargled twist
propagates in one direction and a-ledinded twist propagates in the othéection, analogous
to the production of particles and aparticles.In every known physical peess, antmatter
behaves like anirror image of matterAnother interesting property of[2 rotations is that there
is a natural distinction between rotaitto of odd and even multiples af analogous to the
distinction between odd (fermions) and even (bosons) multiples of the unit angular momentum
>/2. The notion that torsion should be associated with matierfact widely acceptedKleinert

1989] Therefore there iseason to believe that a mathematical analysis of torsion waves might
provide some clues to the interpretation of quantum mechdrcsanalogywas first explored
by Close[2003.

Riaht-handed Left-handed
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Figure 3.8: Rotation of a sing bar on a torsion wave machine results in misggnmetric
waves propagating in opposite directions. This is adimensional analogue of production of
particles and arparticles. Matter and antnatter are alsaypically produced in mirror
symmetricpairs.

If the moment of inertia per unit lengthlisand the torsion spring constant of the wire (or
rubber band ) i&, then the wave equation is given by:

2 =~ 2 =
%0€t ., °0€t -

where ©(z,9) is the orientation at axial pogih z and timet. The wave speed is given by
c=4K/I.

As with displacementvaves, a unique frequency and wavelength cannot be defined for
torsion waves unless many cycles are produced in succession. If one end of the wave machine is
rotated & a constant ratey, the torsion waves propagate along the machine with uniform
wavelengthi=c/®. Each rod along the machine rotates with the constant driving frequency

The angular momentum per unit leng?his therefore ?= 1w = Ick = 1c6©/0z. The angular
momentum is thefore proportional to the spatial derivative of the angle. The angular
momentum of a twist from O t®, can be obtained by integrating over angle:

z@=0 _ z0=0 CH
o= [ 190, jlc(:)d—@dz— [iedo = Ic@ (19
d 0
z(9=0/ t z0= 0

Thus we see that the total angular maten of a twist igproportional to the rotation angle and
independent of frequency.

A twist propagating with constant wavelength has no torque, so the kinetic and potential
energies remain constant as the wave propagates. The kinetic energy per umis lesf(2 and

the potential energy per unit Iength—isK ©0/0z2 = 2n°K /3% = 102 /2. Integration from 0 to

0, yields for the total energy:

d@}d 20=0 TI@
z= |[lco
dt 20=0" d

Ze:GO/
e= [ lo

09
Z: IIC(Dd@ = IC(D@O = Lo(D (20)
20=0_ 0




The wave energy is equal to the wave angular mometitnas the angular frequency. This is
analogous tohe energy quantum of. At this point we make the identifications:

|- Lo
cO

° (22)

K =c?l ==
O
so that the wave equation is simply:
2 ~ 2 ~

0 @Q,t/: Cza @Q,t/ 22)

at? oz°

Incidentally, although we have been describing torsion waves althig wire, the equation is
valid for torsion waves in ¢hick cylindrical rod (see e.g. Feynman et63).

Now we will take a look at the classical wave equation to see ihibeaapplied to the

study of matterWe will start with onedimensional waves as above, then generalize to three
dimensional scalar and vector waves.

3.3.0ne-Dimensional Scalar Waves
"I have deep faith that the principle of the universe will be beautiful emple."
—Albert Einstein

Consider a scalar quantitg)(which satisfies a wave equation with wave spegdh(one spatial
dimension %):

ofa=c’o%a (23
This equation can be factored:

bi+co, b -0, 2=0 (24)
The general solution is a superposition of forwa) &énd backwardag) propagating waves:
a€t =ar€—ct yag €+ct_ (25)

This form of the solution to the oftkmensional wave equation can be found in aeyneintary
textbook on waves. We can write the equations for forward and backward waves in matrix form:

1 0 ar€—ct ) B
ol e
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The spatial derivatives are related to the temporal derivatives:
a-€-ct —-a-€-ct 1 0 a- €—ct

C@Z Ft /:6»[ Ft =- at Ft (27)
a, €+ct az €+ct_ 0 - a, €+ct

Let #=0,a anda’ =0,a. We now define a wave function in terms of the time derivatives:

—cCt
Y= %€ (28)
& € +ct
The wave equation for the forward and backward waves is now:
1 0 & €—ct ar €—ct
0 co, |¥=0 J-co =0 29
{ tJ{O - ] Z} t(‘#3¢+ct9 Z(a’B¢+ct 29

We have now reduced the secarrder wave equation to a firetder matrix equation.

3.3.1. Spinors and Bispinors

If we regard the-axis as one of three orthogonal axes, then the two independent comp#nents
and #; differ by a 180 degree rotation. This is the definitive property of independent states in

spin onehalf systems. Unfortunately, this property isataphasizedor even unrecognizedi)

the physics literature ifavor of the more exotic property that complex spinors change sign upon
360 degree rotation. This latter property does not apply to physical observables which are
computed from bilinear products of spinors. However, the separation of independent states by
180 degrees does apply to wave velocity, implying that solutions of the wave equation generally
form spin onehalf systems. Note that unlike positive and negative scalars or vector components
(which can also be expressed as bilinear products of spima@g@s with positive and negative
velocity are not related by a multiplicative factor of minus one. The forward and backward
waves are independent states. The mathematical basis of this property is that wave velocity is a
property of the functional argumenand is not simply an amplitude.

A
v

as </ ar
18

Figure: Waves propagating in opposite directions along an axis comprise independent states
separated by a 180 degree rotation. This is the basis ehteder spin.
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The relationship between waves and spinors camde explicit as in Close (2002) by further
decomposition into positivdefinite components#:, ,#_ & _,#_) or (a,,ag,,a_,ag_)
representing positive (+) or negative €ontributions to the wave derivatives:

#Qt =&, €-ct -# €-ct }d, €+ct -d €+ct_ (30)
and

ca' @t =cl:, €-ct-a-_ €-ct }as, €+ct -ag €+ct_
= —ﬁ:+ é_Ct} #:— é_Ct} #3+ t+Ct:_ ﬁB— ¢+Ct:

From here on the functional arguments will not be written explicitly. Note that the pesitive
definite components may have discontinuous derivatives where the original sjigaetties

pass continuously through zero. For example, to make the time derivatives continuous requires
matching conditions fa#:

(31

atai:+|#F+=#P=0 :_atai:—uﬁ:#l:_:o (32)
Ortely 4 0= 02y s 0

Similar relations hold for the backward wave gmnentsSuch discontinuities do not affect the
validity of the first order equations. However, higher derivatives may be undefined at some
points.

Since each component has a unique sign, we can exgessa’ in spinorial form with the
onedimensional wave functiopg, ( t he subscript o0vdé refers to th

2\T 2
#2) (1 0 0 o)&?
" 12010 -1 0 O |a4?|
= = (o2
#éf 00 1 0 t#]éf Yyoyy
#2)10 0 0 -1) 42
2\T 2
ﬂgg 100 O ﬁﬂ%
01 0 O
’ B— B- | _ T
- =_ 33
#éi 00 -1 0 #éi wy Byy (33
#2)0 0 0 -1)4?2

where the superscrifitindicates transposition of the column matrix and the m@sixabulates
the forward and backward walities ):
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1 0 0 o)&?
0 -1 0 Of 442
\Y = B~ =C 34
Yy 0 0 -1 0 #Iéi Boy (34)
0 0 0 1)4?

This wave function is a orgimensional bispinor. In one dimension the components of the
bispinor may be taken to be real and positieéinite. Extension to three dimensions requires
compkex components.

Changing the order of terms in the wave funct
important points are:

1. The components of the column matrix wave function are real and pakfinde.

2. Only one forward component andeobackward component can be +m@mo at any given
time and place (for ondimensional waves).

3. The spatigemporal variation of each component must be consistent with its location in the
column matrix.

Since some of the components must be zera¥lahd s be either zero or one. Then the wave
function is:

vy = Wose #26, dPl-c5 #2150 (35

Using Lorentz boosts, the wave function can be written as:

vy =8 exp@oa/2 b 05 b-05_ b-6c /2 (36)

This form has two independerdntinuous parameters and two binary parameters.
The equation of evolution of the wave components is:

Oy +CPo Oy, =0 (37

This is the onalimensional Dirac equation. This equation can be interpreted as a convective
derivative with two opposite velocities represented by the matrcgo.

The relation between one dimensional bispinor equations and scalar wave equations is
summarized in Table 1.
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Table 1 Corresponding Bispinor and Scalar Wave Equations in One Dimension

Bispinor Equation Scalar Equation
oo, +e0, by, _=0 ofa-c’ola =0
Oy I’JWVZ"C@ZI/\-/FIBO'WV::O 01|0rar | +0,/0,ag| + 0|0 a5 | - €%0,]0 a5 =0
Ot vaTﬂt//v}C@z vaTm//v :=0 o feo,a+c0, pa_=0
o ki pow, +co fl =0 dosac|-co0ap]+ 00 0| + 0 fpiag| =0

3.3.2. Wave Velocity

The mean velocity\ of the wave is proportional to the ratio between the difiegeand sum of
the forward and backward components [Close 2002]:

_ T
o JaEl ] _yTpov,

- = (39)
EARC AN

Since|#:| and |#| are positivedefinite, we can define them by the relation:
=& exp€

@ | = 2o explc 39

|| = & exp€ o

so that our definition of velocity is:

v owl - & exp€a ctanha (40)

4 P 3 d exp€a

If we start from a zerwelocity state with#:| = |dg| = 4, then we can change the velocity using
t he oL or eperatar (v boexdbo @/2y,):

T ~¢po bx 29 i D
e L exp@o a2 o bxoGo a/2y, &Pl _-expCa _— ctanha (41)

IJ exp@oa/2 bxn@Go /29, exp€ _-exp€ o _

Note that successive boosts preserve the form of the operator:

exp@o a2/2:exp(30- a’l/Z:: exp@o I(1 T, 22: (42)
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This property enables us to recover the relstic equation for addition of parallel velocities:

v = ctanhey

Vv, = ctanha, 43
tanhay + tanh Vi +V

v=ctanh€y + oy =Cc—r ik Yo __ATH 5
1+tanhe tanhar,  1+vv,/c

This result is aotherexample of how the laws of special relativity apply to classical waves
ordinary Galilean spaeme, as discussed in Chap®

Using Lorentz boosts, the wave function can be written as:
Yy :%zepr’)aa/Z]‘F g l_5F: l_é‘B j/‘/i (44)
This form has two independent continuous parameters and two binary parameters.

3.4.Three Dimensional Scalar Waves

"... in quantum phenomerame obtains quantum numbers, which are rarely found in mechanics
but occur very frequently in wave phenomena and in all problems dealing with wave motion."

— Louis de Broglie [1963]

3.4.1. Rotation of Gradient and Velocity

The spatial derivativéd, generalizes in three dimensions to a arbitrary direcfipnwhere the
index (v) represents an arbitrary directivvave velocityis definedto beparallel to the gradient.
Since the matrixfo is associated with a particular axis, it must be one component of a vector.
We can let the matriyg = 3 and define thgradientmatrix components as:

0010 00 -i 0 10 0 O
0001 00 0 -i 01 0 O

= y = ~ , = 4

ﬂlloooﬂzioooﬂ300—1o (49
0100 0j 0 0 00 0 -1

The symbol {) represents a unit pseudoscalar imaginary which is odd (changes sign) with
respect to spatial inversion. This property is necessary because velocity is a polar vector and:

i = p1Bobs (46)

We must now allow the awe function to have complex components. These matrices have
commutation relationsquivalent to the Pauli matrices:
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BiBj+PBibi =25 ; ﬂiﬂj—ﬂjﬂiZZTgijkﬂk (47)

An elegant way to write these commutation relations is:

BB =B By +1 B xp; (489)
where:
Bi - B =% l3'i,3j + 85 :

(49)

7 -
Bi x B =3 hﬂj -Bibi
Hence we can regard these matricebassvectors whose commutation relations express their
relative orientation. This idea is the bagis the mathematical field @feometric algebraNotice

that the unit imaginary now has a geometrical interpretasthe product of three orthogonal
unit vectors

BiBoBy=p o BatT pox s =T Box ps =1 (50

The rotation operators for this g@ahave the form:
~ ~ ~ i .
Ry, € >expl i p¢i/2 4 expl s /25 picoss - B - 54 sing (51
which can be written in vector form:
~ i N ~ -
R, € = exp(- [ ﬂgg/zpexp(ﬂgg/z/: bcosg + h x b sing; (52

To include rotations e onedimensional derivatived, a=—y, £,y must be moditd
to include orientation. This orientation is computed relative taxffais Using the definitions:

B, = lxp( ib- Q/Zb3 exp(b . 6/2;
w=exp€Tb-g/2y), (53
A=yl explb-g/2)

The wave function now has complex components. The rotation operator
~ -~ N . . . . . .
R, = exp( i b-6/2y, applied to the on@limensional wave function inverts the rotation of
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the basis vectors so that the derivative can be evaluated using thdenamsional reavalued
matrix S5 and wave function,.

The spatial derivative is:
Cava = _(//\T ﬂS(/jv = _l//Aﬂvl// (54)

Since the betanatrices are mutually orthogonal, the componerht&‘by/ perpendiculato x,
must be zero. Therefothe three dimensional gradient is

cVa=-&y, By, =y by (59

3.4.2. Successive Rotations

Successive rotations can be performed using either fixed axes or embedded axes. The
result of successive rotations about fixed axes depends on the order in which the rotations are
taken. For exaple, successive rotations o about the;- andx,-axes moves; to eitheri e, or
+ e, depending on the ordéfence:

expl i ,3272'/4}Xp(- i prr/4 ﬁs exp{ iz /4/2 fxp( ﬂzn/4 =—p

(56)
exp i ,3177/4]Xp(' [ ﬁz”/4ﬁ3 exp(ﬁzﬁ/4fxp(ﬂl7r/4/2 ﬁl

Here the expression inside the square brackets is evaluated first, followed by applying the
rotation operatooutside the square brackets. If we interpret these rotation operators as acting on

spinors then the ordexppears to beackward The expressionexp( ﬂln/4/2;xp( ﬂzfr/4;y
representspinorrotationof i 7/2 about thex;-axis followed by rotation about the-axis.
3.4.2.1. Euler Angles

We can put the operations back in order if we consider the second rotation operator to
have been rotated along with the wave function by the first one:

RO, =R{; RO, R l(’Jlj_exp(lb U1/2§xp(|b U2/2§xp(b U1/2 (57)

Two successive rotationseyds:

RO, RO, > [201 2/_loljol}eXp(b'Ul/ZEXD(b'02/2: (59)

Axes which are rotated along with the spinors are called embeddedRatason angles which
refer to embedded axes are calledler angles We use primes to denot®tations about
embedded axe
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The Eulerrotation operatoRi®;) can be interpreted as follows: First, rotate the spinor back to
its original orientation. Next, rotate the spinor about the fixed axis correspondshg Einally,
rotate again about the embedded axis correspondi®g (the original axis now rotated 8),).
The equation states that rotatiby ®;=04 followed by rotation about the fixed ax@®, is

equivalent to rotation first b§, followed by rotation by®g about the embeddel&’1 axis.In the

above example, rotation by'2 aboutx followed by 7 /2 aboutz(oryd ) i s equi val ent
by 7 /2 aboutz followed by /2 abouty (orx6 ) .

The angular derivative of the wave function is:
P | - ~ ... h - ~ ... P L
Og =0y [xp( [ b-u/Zyv}— i exp( i b'U/ZEWv :—l[exp( i b-u/ZEexp(b-u/Z}y (59

It is customary in quantum mechanics to define the angular derivative to be:

oaw ==1 5V (60)

This relation is only valid iftheanglgd i s measur ed embeddédaxee spect t

Accumulated rotations can be compufenim successive rotations about embedded axes.
Given a rotation rate/0 (with respect tembedded axes, the accumulated rotation operator is:

RC:RO Crexp{b-07/2 =exp{ [dtb-w'/2. (61)

3.4.2.2. Examples

Let us verify this expression with explicit explas. First, we compute the general
expression for rotation about two successivebeddedixes: Rotate by anghf, about an axis
xG followed by 0§, about xG. The rotation operator is:

N N
RG RO Cxexpl st /2 exp{ 804/2
6 . . 6 6, = A
=|cos=> sin—= || cos= sin—2 62
{ 2+|ﬂb|2}{ 2+|ﬂa|2 (62
[ o, .6y 0, ~ 6, . 6] .6} 2
:coszbcosia— ,Bbﬂasm7b3|n7a+ i {ﬁacos?b3|n7a+ By sm;bcos?a}

Recall that 8,4, =B, B, +1 B, x B,. We consider two cases. First,6if, and 6§ are parallel
then:
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RO C= cos%cos—a —sinﬂsin—a +ip, cos(g—bsin—a + sinﬂcos—a
2 2 2 2 2 2 2 2

=Co Mj+iﬂasin 9b+0aj
2 2

which is obviously correcsince parallel angles are additiidext consider two perpendicular
axeswith g8, =i S.:

(63)

!

~ 6y, 6, -~ .6, .68, -~ 6, . 0] . 6 6,
RO'¢ =cos2cos2 + i fB.sin2sin-2 + i| #,cos2sin—2 + B, sin—>cos2 64
For the special case where both anglesrdgethis yields:

ROI(}CO§%+TﬁCSinngrT{ﬁaCOs%sin%+ﬂbsin%cosﬂ .
1 7hatho+ ~Bat B+ B .
:E"' ! WZCO%/B} [ Wsme/?):

This corresponds to a rotation operator fat32radians about thaxis [, + %, +ECZ\/§ The

validity of this result can be verified by picturing an equilateral triangle with corners on each axis
equidistant from the origin. Clearly rotation by72 about the center of the triangle merely
permutes the positions tife axeswhich is of course what happens when rotating 8/around
successive orthogonal ax&ote also that the symmetry of the final result implies that:

exp{ B, 7/4 exp{ B, /4 = exp{ 8, /4 expl B, /4 = exp{ B, n/4 exp{ B, /4 (66)

(x followed byyd y followed byz6 z followed byxd Yvhich is consistent with our explanation of
the secondary rotation operator above.
3.4.3. Wave Function
In three dimensions the gradient can be defined as-diorensional derivative rotated by angle
Cto a new axisk. Let:
y zexp(Tb-G/22¥3exp(b-G/2:

W= exp( ib- 9/2;\, (67

Rotation by angl€ is denotedR; and defined relative to a default orientation alongxgaxis.
The threedimensional gradient is:
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2

va-RIE 22

} =¥y By, =—cy by (68)

Writing a column matrix as the transpose of a row matrix, the rotated wave fupaton
v = @%/2 exp( ib- G/ZSXF’%%U“/Z,EF o I-or ] 1-08 :U/\/E (69)

However, in three dimensions the constant column matrix which represedtstates may have
nonzerovelocity perpendicular tos. This is indeed the case farg = 0 1 0-_T/\/§ and

wo=pP 1 0 1I /\/E The remaining states with zero velocity are obtained by rotation of
velocity from:

wo=10 0 17/¥2 (70

This state has zero time derivative but nonzero gradient. When Lorentz boosts are applied both
the time derivative and velocity can be rearo. The final form of the wave function is thus:

y=d?explib- G/ZEXIO%O'Q/ZE//O (7D

This is the germal form of the scalar wave function. The constant matrix is multiplied by factors
representing an amplitude, aDlvelocity boost, and a general rotation in velocity space (two
angles to determine velocity direction plus rotation about the velocity aisarly four
parameters are needed to deternyg@ and Va. The significance of tation about the velocity

axis will be discussed below.

3.4.4. First-Order Wave Equation

The time derivative of(l) yields the firstorder equation:

~ Y ib = 2
oy =—expl | b~g/2§te-7¢//v +expl i b-8/2 g, (72

Here we can see the effect of rotation about the velocity axis. Rotation of timardftside
involves only direct rotation of the wave functionjtbrotation of the righhand side also
involves rotation of the angular frequenéys. Rotation about the velocity (or gradient) axis can

change the direction of this angular frequency. This is the significance of the fifth parameter i
the factorization above.

Inverting the rotation factor yields the edanensional wave function, which satisfies the -one
dimensional wave equation:

b +cBa0e v hxoCb-g/2y =0 73
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Derivatives of the exponential factors are:

o, expdb-6/2 > Zexp{b- 6/2:5t bs
2 (79

Vexpdb-¢/2 > |—2exp(b . G/Z:V b s

Substituting sexp{b-5/J =expl6-5/7 6. into (73) yields:
(75)

This equation states that the convective derivative igerononly due to (convective) rotation of
velocity direction.

The equation of evolution of the scalar wave amplitude is obtained by multiplying and
adding the adjoint:

(76)
Which, in terms of the scalar polarization is:

(77)
The relations between rotation angles and velocity unit vectors are:

(78)
So that the above equation is indegdiealent to the ondimensional wave equation:

(79)

If we want to obtain the conventional 3D scalar wave equation:
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