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Preface

Reason and free enquiry are the only e
rror.o
Thomas Jeffersomotes on the State of Virginia784

D

This book is an attempt to bridge the conceptual gap between classical and modern physics.
According to classical reasoning space is Euclidean, time is independent of position, light waves
must travel through a material aether, and dynamical systemstammitiéstic. Modern physics
asserts that space is curved, time is dependent on position and velocity, and fundamental physical
processes are probabilistic. It is almost universally believed that experimental and theoretical
developments of the 20th centurgt only disproved specific classical models, but in fact
eliminated the possibility that any mechanistic model could properly describe nature. The title of
this book will likely seem selfontradictory to physicists accustomed to a clear separation
between classical and quantum physics. However, the reader will see that mechanistic models
can in fact be used to explain fundamental physical phenomena which have hitherto been
supposed to be beyond the realm of classical physics.

In accordance with commans a g e , | use the term 6cl assical
description of natural phenomena which presumes the existence of continuous media, Euclidean
space, and absolute time. The title of this book refers to new applications of classgcahidiea

not to antiquated theories of the past.

| offer two arguments for consideration of mechanistic models of fundamental physical
phenomena. The first reason is that in spite of past failures, it is still possible that a suitable
mechanistic model can lbeund. Before classical physics can be rejected altogether, it must be
proven thatll mechanistic models yield predictions inconsistent with observations of nature.
Since the number of possible mechanistic models is infinite, it is impossible to Hepécham

unless they can be proven to share some incorrect feature. As the reader will see, features which
have been presumed to fit this criterion have been incorrectly interpreted.

The second reason for studying mechanistic models of the univensglg 8 build

intuition.One can hardly expect to master the subtleties of matter waves or quantum fields in the
mysterious vacuum without first being able to understand the behavior of undulations in a simple
elastic solid. Yet this is precisely the lintitan under which physicists have labored for the past
century.

Historically, mechanistic models have figured prominently in the progress of physics [see e.g.
Whittaker 1951]. The Arotationally elastico a
provideda mechanistic model which was consistent with all of the known properties of light

including polarization, reflection and refraction, and crysfatics. William Thomson (Lord

Kelvin) described how such a mechanical medium could be made. Joseph Boussimesed

similar success in 1867 by assuming an ordinary elastic solid aether which permeates matter as
well as empty space. James Clerk Maxwell 6s hi
el ectromagneti sm in the ear |fyhe dethe Cobssstingad| i ed o
elastic cells interspersed with rolling particles.



This last example is particularly significant in light of the rise of relativity theory at the

beginning of the 20th century. The Lorentz transformations relating gpatjord coordinates

of observers in relative motion are widely believed to be inconsistent with classical notions of
space and time. Yet Maxwell 6s equations, whic
transformations, were derived from a classical mechanicdéhtdow can a classical model of

a mechanical aether be consistent with the Principle of RelatiVitybook answers this

guestion by showing that the laws of Special Relativity are a consequence of the wave nature of
matter.

With respect to quantum mteanics, virtually all students are introduced to the subject via study

of the nonrelativistic Schrodinger equation. This equation not only violates the principle of

relativity, but it also reduces the feaomponent Dirac spinor of modern quantum theorg t

single scalar variable. Simply put, the a@hativistic Schrodinger equation preserves some of

the math but discards all of the physics. One should not expect that physical interpretations of
Schrodingerds equati on ans ecenpapvancesmlolassicalt o r e al
physics have | ed some physicists to declare 0
infested with the deepest misconceptionso [ Gu
misconceptions by seeking clear,ehanistic explanations of natural phenomena. In this book

the coupled equations describing an electron are derived from a simple model and interpreted

quite naturally as a description of the propagation of classical waves carrying angular

mo me nt u maveplehret i6oM e dual i tyé of matter is expl s
are soliton waves (localized oscillations).

This book is written at the level of a secendthird-year university physics course. It is

assumed that the reader has alreadlgistl the basic properties of waves, is familiar with

physical conservation laws, and has at least a basic understanding of wave analysis using Fourier
transforms.

This book addresses several basic physics questions. Some examples are:
AWhat r otiaotni oinsalasnsootci ated with spin angul a

ACan angul ar momentum be defined independe
AWhat is the dynamical interpretation of a
AWhy are many aether models (includPBg Max
AWhy do matter and anti matter behave I|ike
AWhy i s gravity so much weaker than other
AHow do waves propagate in an elastic soli

The term "matter" is used in the most general sense, including all manifestatoesgyf and

not merely those with mass. Since photons can combine to form electrons and positrons, it is
clear that massive and nomassive particles should be regarded as different modes of a single
physical phenomenon. The term "inertial density" is usqidace of "mass density" in the model
of the vacuum since "mass" is a property of matter rather than a property of the vacuum itself.

Most of the historical information in this book has been gleaned from the excellent work of Sir
Edmund WhittakerA History of the Theories of Aether and Electricity, Vols. | an@NBw

York: Philosophical Library 1951 and 1954, respectively). The short synopses presented here are
not intended to be complete in any sense. They simply provide a historical context frém whic



certain questions about the nature of matter arose and were answered. Numerous significant
contributions have necessarily been omitted for the sake of brevity.

Richard Feynman once remarked that if he could explain his work to the average person it
wouldn*'t have been worth a Nobel Prize. However
understand something unless you can explain i
Einstein, and | hope that this book will help physicists to understancenata manner which

can be meaningfully shared with the rest of humanity.

- Robert Close
Portland, 2010
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displacement vector
magnetic vector potential
magnetic field

strain tensor

electric field

energy density

force

rotation angle

potential energy or electric potential
Hamiltonian

Hamiltonian density

scalar unit imaginary

pseudoscalar unit imaginary
angular momentum density (orbital + spin)

angular momentum (orbital + spin)

electrical current density

wavevector

kinetic energy

orbital angular momentum density (associated with wave
propagation)

orbital wave angular momentum

Lagrangian

Lagrangian density

rest mass

elastic shear modulus

wave momentum (density)
momentum

momentum density of medium
electric charge

angular potential

spinangular momentum
position vector

inertial density

spin angular momentum density (associated with rotations of
medium)

spin angular momentum
torque density

torque

rotation angle

medium velocity

potential energy
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particle or wave velocity

vorticity (angular velocity) of medium
angular frequency

angular velocity

torsion component

scalar torsion

coordinate variable

Dirac bispinor wave function

There may be exceptions to the above definitions, but | have tried to keep them to a minimum.
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Chapter 1. Review of Classical Physics

If you would be a real seeker after truth, you must at least once in
your life doubt, as far as possible, all things.
- René DesCartefiscours de la Méthod@ 637).

1.1.Basic ldeas

All of physics is either impossible or trivial. It is impossible until
you understand it, and then it becomes trivial.
- Ernest Rutherford

Progress in science arises from attempts to conciliate observattbpsedictions. First,
a phenomenon is described in detail on the basis of observations or measurements. Second, a set
of scientific principles, or laws, is invented to explain the observations. This set of laws is called
a theory. A scientific theory mube capable of yielding verifiable predictions (otherwise the
theory is not scientific, though it might still be correct). Sometimes multiple theories yield the
same predictions of observed phenomena, in which case the simplest theory is considered to be
the best (Ockhambés razor). 't often happens t he
been observed and described. This leads to renewed efforts of observation and description. If
new observations are not completely explained, then the cycle aftednd observation is
repeated.

~ | - i il
Figure 1.1 Aristotle (circa 384-322 BC) Figure1l.2 Ari st otl eds Un

A classic examplef this process is the development of the law of gravity on the basis of
astronomical observations. The motion of stars and planets has been observed and studied since
the dawn of human civilization. A mechanical basis for these motions was describadtbleAr
[Figure11] around 350 BC in his treatise AOn the H
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consist of concentric spheres into which ciedésbjects were affixedrgure 1.2]. The outermost,

or primary, sphere contained a multitude of stars. Other spheres contain only a singé celesti

object (sun, moon, or planet). The spherical earth was at the center (though the Pythagoreans
believed otherwise). This model provides a good explanation of the motion of distant stars
(which we now attribute t o expanatibndostherapparent i on) ,
irregular motion of planets with respect to the earth.

il

Figure' 13 tolemy (AD .12“7-'145)

An | mpr ov e me s mmode of heAvenlyambtmn waeréported by Claudius Ptolomaeus
(Ptolemy) Figure1.3] i n t he second c e n Figure 1y shftedDhe eatlt ol e my 0
from the center of each orbit to a point called an eccentric, which was coupled with an equant

point off-center in the opposite directionir€ular motion was attributed to rotation of a sphere,

called a deferent. Neaircular motions were modeled by additional spheres, called epicycles,

rotating about points on the deferent. Apollonius of Perga (Pergaeus) had proven that elliptical
motion coud be described in this way. Further corrections to this model were made by placing
epicycles on epicycles. In principle, any periodic motion could be described by successive
perturbations of this model. However, the complexity of this method reporteldiirg

Al fonso X of Spain to complain, Alf the L
creation, I should have recommended somet
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Celestial
Object

Second
Epicycle

Epicycle

Deferent

Figure 1.4 Example of elliptical (first epicycle) and retrograde (second epicycle) orbits produced using
epicycles.

Nicolaus CopernicusFgure 1.5] simplified this model in 1514 by reasoning that the sun,
rather than the earth, is at the center of the rotating spheres [On the Revolutions of the Celestial
Spheres]. This new theoretical developnrediuced the number of epicycles necessary to
compute planetary motion. In particular, the apparent retrograde motion of planets was made
consistent with regular circular orbits.

\——/'\&’;“—‘ o

\WNLCO L aviy OPENNTUNS

Figure 1.5 Nlcolaus Copernlcus (1473.643)

In 1605, Johannes Kepletigure 1.6] eliminated the need for multiple epicycles by
placing planets in elliptical bits with the sun at one focus of the ellipse, rather than at the
center. He also deduced that a line from the sun to a planet sweeps out equal areas in equal times,

13



and that the square of the orbital period of a planet is proportional to the cubeeuoigtinedf the
semimajor axis.

Figure 1.6 Johannes Kep‘I'er (15711630) Figure 1.7 Isaac Newton (1643 1727)

Keplerds three | aws of planetary motion gr
orbits. Nonetheless, Isaac Newt@iy{ire 1.7] found an even simpler principle to explain the
orbits. Each planet is attracted to the sun by a gravitational force proportional to the inverse
square of the distance from the sun. This gravitational force not only explained planetary motion,
it also explaied the attraction of terrestrial objects toward the earth. Yet as ever more accurate
measurements were made, even this elegant theory did not explain all of the planetary motions.
In particular, the perihelion of the orbit of Mercury advanced at a ratehvelould not be
explained by the influence of other planets.

Al bert Einsteinbs theory of gener al rel at.
planetary motionHigure 1.8]. In this theory a gravitational field is proportional to a gradient in
the speed of light (this property of general relativity is discussed in Chapter 4), which is reduced
by the presence of energy. The theory also predictsigi@tvaves from distant stars refract
toward massive objects such as the sun or planets. This prediction has been verified by
measuring, during solar eclipses, the positions of stars whose light propagates close to the sun on
the way to earth. Near blackles, the refraction is so strong that the light cannot escape.

14



Figure 1.8 Albet Einstein ‘(1-87 I 1955)

Thus the compl i cat sspheces mxbeam cepldceddy thephysichle my 6
principle that gravity results from the presence of energy in space.

Modern physics now has its own version of
physics. An empirical method, quantum field theory, h&nldeund to accurately compute
statistical outcomes of experiments. The method works but it relies on myriad empirical
constants and has defied explanation as to wh
spheres with epicycles on epicycles, prédits of quantum field theory are computed using
successive approximations or perturbations. Each correction is represented by a Feynman
diagram, which is interpreted as representing an interaction of elementary pafigoles p]. A
Arenormali zati ono procedure adjusts interact.i

results.

A A

Time

v
v

Space

Figure 1.9 Renormalization in quantum electrodynamics: An interaction between two electrons) is
model ed from | eft bgyexdhdnge, (%) additiohalirtdrndedigiehcieationrand destruction
of electron-positron pair (€, €"), and (3) additional virtual photon (g) exchange. Additional processes

contribute ad infinitum to the interaction.

I n the case of d@fficoltlesanngedhscausepastrenoraess,lackednar
understanding of gravity and attempted to describe celestial orbits in terms of circular motion.
The method was sufficient at the time for its purpose of predicting future positions of celestial

15



objects in e sky. Its major flaw was unnecessary complexity. Each planet had its own set of
epicycle parameters to define the orbit. Newt
all celestial orbits under a single physical principal dependent onlyeandisses of the objects
in the sky.

In modern theories of elementary particles, each type of particle is assigned a unique set
of parameters (mass, spin, isospin, electric charge, weak charge, strong charge, etc.). In fact,
each particle has its own equetiof evolution, which includes interactions with other particles.
The catalog of elementary particles and their associated constants, in combination with the
computational methods of quantum field theory, is called the Standard Model of particle physics.
The Standard Model has proven to be extremely accurate in every case which has been tested. Its
flaw is not inaccuracy but complexity. Equations for basic physical quantities such a angular
momentum have no single representation but are dependent onpatticles are present in

space. Quantum numbers called Aupo, Adowno,
have been invented to differentiate particles on the basis of unexplained properties. Simple
physical questions 9echtesd WwWhat 6spi adi amgiusé a

unanswered. No rationale has ever been accepted to explain why patrticles should exhibit the
wavelike characteristics which are observed in experiments. And gravity has no obvious relation
to the Standard Maal.

Elementary particles, despite the name, are not immutable. For example, two photons can
collide and transform into an electrpositron pair. The inverse transformation is also possible.
Thus it is obvious that photons, electrons, and positrons arertor ul y fAel ement aryo
instead represent different states of a shared physical process. Other particles undergo similar
transformations of identities. Hence there is reason to believe that all elementary particles are
different manifestationsf@ single physical process, and might be described as modes or
perturbations of the vacuum.

The premise of this book is that the conceptual difficulties of quantum theory arise
because physicists attempt to describe matter as discrete independens pattielethan as
continuous waves. We will derive the basic dynamical and statistical properties of matter from a
simple wave model, with massive particles interpreted as soliton waves. However, we will not
derive the numerical predictions of the theosytlis remains an unsolved problem.

Our topics will include special relativity, particle propagation, interactions, spin,
statistics, and gravitational attraction. The reader is assumed to have prior understanding of wave
processes at the undergraduatelleReaders of this book will become acquainted with the
mathematics of quantum mechanics and relativity. They will then be free to further their
understanding of modern physics either by further classical analysis or by more traditional
avenues of studyWe begin with a review of classical physics.

1.2.Classical mechanics
Truth is by nature selévident. As soon as you remove the cobwebs
of ignorance that surround it, it shines clear.
- Mohandas Gandhi

Classical mechanics typically begins with Newton's lafusotion:

(1) an object in motion moves in a straight line at constant speed unless a force acts upon
it (momentunmp=constant if forcd-=0)

16



(2) An object's momentum changes at a rate proportional to the force on the object
(F=dp/dt)

(3) Any action on anlgect results in an equal and opposite reaction from the object. In
other words, the forceHg ) which objectA exerts orB is equal and opposite to the

force (Fa) whichB exerts orA.

Actually, the first and thirdaws' can be regarded as special cases of the second law. The first
law simply describes the case of zero fofeed. The third law can be derived from the second
simply by considering the combination of two obje&tsndB as a single 'object'. In the sdnce

of external forcesK=0) the first law requires that the total momenturp js+pg = constan.
Taking the time derivative yields:

dpA + de =0
dt dt (1-1)

This implies that any change in momentum of obfestust be accompanied lay equal and
opposite change in momentum of objBciThe third law is obtained by substitution of forces for
the rates of change of momenta.

Angular momentunk is defined as the cross product of the momentum with a displacement
vectorr:

L=r3 p (1_2)
The integral of force times displacement is called work:
W = iF Qir (1-3)

This is the change in mechanical energy which results from application of a force. In differential
form, this relation can be writteas:

PW=F (1-4)
In the case of a force applied to a solitary object, Newton's second law of motion yields:
D) = %

dt (1-5)

Note that the work performed actcelerating an object is energy which is transferred to the
object. If we are discussing a reservoir of ‘potential’ endrgiich is depleted to accelerate on
object (or increased by deceleration), then we need a minus sign:

pu=-P
dt (1-6)

1.2.1. Conservation Laws

In a closed system, i.e. one for which we include all sources of force, the total force must
be zero, and therefore the total momentum is constant. This law is known as conservation of
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momentum. A more abstract line of reasgnior momentum conservation goes like this: If an

object (or group of objects) were to exert a net force on itself (themselves), then the energy of the
object would depend on position. One would have to do work to move the object against the self
force. @nversely, if energy is independent of position then there is nfosedf and momentum

is conserved. With this line of reasoning, the law of momentum conservation follows from the
assumption that energy is independent of position. This is an exampbéygieal symmetry.

Figure 1.10 Emmy Noether (18821935)

The mathematician Emmy Noethe&fglure 1.10] proved that each symmetry in a physical
system implies the existence of a conserved quantity [Noether 1918, Goldstein 1980]. The
converse is also true. Some familiar symmetries and the corresponding conserved quantities are:

Symmetry Conserved @antity
translation momentum
rotation angular momentum
time shift energy

spatial inversion parity

The last of these may be new to some readers. Parity is the Rctani¢h accompanies
inversion of spatial coordinateg ¢ - x). The coordinate variables themselves obviously have
negative parity®P=- 1). Momentum and velocity also have negative parity. Spatial inversion is
equivalent to mirror imaging followed by a 180° rotation about the coordinate axis perpendicular
to themirror. Hence a top spinning clockwise has a spatially inverted image which also spins
clockwise. Therefore angular momentum has positive pdityX). More importantly, the
eguations governing angular momentum are not changed in the cooidueated ystem (e.g.

L =r3 p). In other words, the equation for angular momentum is symmetric with respect to

coordinate inversion. Parity conservation implies that the equations describing a physical system
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are symmetric (unchanged) under coordimaersion. Since coordinate inversion exchanges
left- and righthandedness, it could also be labeled 'handedness conjugation'.

Intuitively, what we see in a mirror seems just as physically realistic as what we see
directly, so before the mitl 9 5 0 6 ssts gemeradlymassumed that parity is conserved in
elementary physical processes (though not macroscopically since some molecules such as DNA
are found exclusively in their rigitanded form in nature). However, experiments have shown
that certain physidgrocesses are intrinsically lefir righthanded for certain particles. If the
particles themselves (e.g. protons, neutrons, and electrons) are assumed to be their own mirror
image, then these results imply parity violation in physical laws and nah jasymmetrical
distributions of left and righthanded objects.

Interestingly, all antmatter particles behave exactly like mirorages of matter. The
simplest explanation of this mirrgymmetry is of course that amtiatter is the mirreimage of
mater. Strangely, mainstream physicists have rejected this simple explanation because it is
inconsistent with theoretical assumptions about how to calculate mirror images of quantum
mechanical wave functions. We will address this issue in Chapter 3.

1.2.2. Spin

The term spin has two meanings in physics. The first meaning is the ordinary one,
namely rotation about a local axis. If a rigid top, with center of mgssd intertial momerit,

rotates with angular velocity ¢ abou its own axis and also moves with momentou@ong a
straight line, then the angular momentum of the spinning top is:

J=rg3p+l¥g=L+S (2-7)

The first term is sometimes call etrmishe oOo0r
called the spin angular momentum. However, this separation is somewhat artificial since the spin
angular momentum for a top with uniform mass densitgan also be written as:
S=fr-r, r)d’r 18)
which haslhe same form as the orbital angular momentum. In quantum mechanics, the spin
angular momentum is not explicitly related to rotational motion (this may be either a feature of
nature or the result of our ignorance about nature; we will argue for the latter).

The second meaning of spin relates to the transformation of variable components under
rotations. In this context the spin is the ratiqug® radians divided by the angle between
independent states. A scalar field is described at e@inhip space by a single number
independent of orientation. Therefore scalar fields have spin zero (infinite angle between
independent states). A vector field is described at each point in space by three independent
components with an angular separatibpg2 radians between any pair of independent
components (e.g. coordinate axes). Therefore a vector field has spin one. AAvieattaforms
under local infinitesimal rotationf as:

AA = -

m?&mo
|- CEOl

"y
W (1-9)
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Note that rotation of by df is equivalent to rotation of the coordinate axes lof . For
example, the components transform under rotation of-theés as:

4Ai6 Aacosf, sinf, OmAKo
2’0 & .
aN o=ae sinf, cosf, Oqaé\yo
.0 e (0]
ne E oo 0 1%A0 (1-10)

The differential form of this equation is:

(1-11)

The minus sign is separated from the matrix by convention. The ma@iXs called a spin
matrix, and can be regarded as one of three components of a spm vect

80 -1 03 40 0 15 30 0 0§
5(1)_2 0 0o s0=%F 0 p_=x Y
2 = 0 Syy=a0 0 05 s;7=a® 0 -1y
0 & 0 0

g% 0 09 E10 02 g% 1 09 (1-12)

The superscript (1) is used to distinguish these-$piratrices from other matrices introduced
later. Using these matrices the differential change in the vAalodergoing arbitrary rotation
is;

aA, O aA, O aA 0 ad [A,- d A
N P S TN N B AL

@0 MEm0 30 Fa-aa w13
The final form simply lists the components of the curl operator:
A=d?2A (1-14)

The above analysis is for rotation about a local axesin coordinates witlm=0. For rotation
about an arbitrary axis we must include the effects of the chamgiumto rotation:

A=-d®A-dOEA=-(d3r)DA+dF3 A=-d G2 D)A+(d @)
H (1-19
Il n the final form above the first term is cal
0 s p i n 6encobtinepotational transformation.
Of special interest is the case where the dynamical angular moméigutself
expressed as a rotational transformation. We will see below that the dynamical angular
momentum can be expressed as a derivative dalargt ) with respect to angular velocity:

3=t
T (1-16)
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I n this case there is no distinction between
spin of zero, we wi l Irisewkea thd finetioh isrexpressedindern®s pi n o
of other variables.

1.3.Variational Methods

An error does not become truth by reason of multiplied
propagation, nor does truth become error because nobody sees it.
- Mohandas Gandhi

For simple systems it is easy to derive equations of motion simply by determining the forces
and app!l yi n gF=mae Hoaweveradrsmahyaituatigns such an analysis can be rather
tedious. Instead, physicists have developed variational methods wtiti energy rather than
force. The basic idea of variational methods is that while the true evolution of the system
satisfies a certain equation, other fictitious evolutions can be parameterized by their differences,
or errors, from the true equatiorhd correct equation of evolution can then be regarded as the
one which minimizes these errors.

Consider, for example, a ball moving through the air under the influence of gravitational
force:

o _

dt (1-17)
In moving between arbitrary poingsandB, the equation of motion can be integrated:

Bdp . B .

ﬁaQﬂ = fFCdl = DVVAB

A A (1-18)

where we have identified the righaind side with the work done by the force acting on the ball.
Rearranging yields:

Bdp . _
n—@ﬂ - [)\NAB - 0
adt (1-19)

Writing the path length in terms of velocitgl(= vdt) yields:

tBdp ..

ﬁ%@/dt- DWg =0

tA (1-20)
For a ball of masm, the momentum ip = mv and the equation reduces to:

t

E ?{HE(V@/)dt- [)VVAB =0

2y, dt (1-21)
The first term represents the change in kinetic enrgp we have:

DK AB - D\NAB =0 (1_22)
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This equation expresses conservation of energy. Defining a potential €hasgyhe source of
work (U =Uqg - W):

K +U = E =constan (1-23)
whereE represents the total energy.

The equation of motion results from minimization of the difference between kinetic and
potential energy. Define the Lagrangian function as:

L(r,v) :%mvz -u(r) w2

We require that the path integral be stationary (zero first order change) with respect to variations
of the Lagrangian along the path:

to
diL(r,v)dt=0
4 (1-25
Use the firstorder expansion:
d_(r,v):£d(l +&d/l :&d(l +££d(l
B¢ 8 B¢ WV Mt (1-26)
Integration by parts yields:

(1-27)
The endpoints are assumed fixed, so the first term is zero. The remaining integral must be zero
for arbitrary changesk (t). This condition yieldste EulerLagrange equation:

oo W _

ML gV 0 X (1-28)

The quantitypl /pv; = L/ is called the conjugate momentum (or momentum conjugate to the
coordinatex). For the Lagrangian ir2f), the conjugate momentum is:

Pt L my
W (1-29)
This is of course the usual definition of momentum.
The energy may be obtained from the Lagrangian using the procedure:
E=pQr- L(r,v)=lmv2 +U(r)
2 (1-30)

Using manentum and position as the independent variables, the functional form of the
energy is called the Hamiltonian:
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H = K(r,p)+U(r,p):§—;+U(r)

(1-31)
The equation of motion is then:
do_
dt (1-32)
which couples nicely with thegeation for velocity:
dr _H
dt  pp (1-33)

The variables andp in this example are called conjugate variables.

1.4.Wave Equations

Evidence is better than theofyt 1 ).
- Japanese proverb

Historically, matter has beghought of in terms of discrete particles. When we look at scene we
instinctively segment it into discrete objects. Yet it is now clear that on a subatomic level the
behavior of matter is governed by walile equations. In general, waves are generatdatidy
perturbation of a continuous medium which has two properties: (1) resistance to change or
inertia, and (2) reactivity to change or restoring force.

1.4.1. Elastic waves

For example, consider displacements of a small region in the interior of a solid. Because
the region contains mass, it has inertia. We call the density of ingpti?Newton's first law of

motion states that the region will not change its motion unless acted upon by an external force.
Because elements of a solid are bowggther by an elastic attraction, any stretching will result
in restoring forces which oppose the stretching [Morse and Feshbach 1953].

We will use the shorthand notatiop; (= Wpt; 1 =1/ ) to denote derivatives of

field variables. The total derivat is:

d =Hp +ud® +wQypd
dt (1-34)

whereu is the velocity andv = (B3 u)/2 is the angular velocity of the medium. The inertial
reaction ) to changes in the displacemens given by Newton's second law:

F :% = 7 m[beu +u @®u +w Qupii]d3r = rm[utza+ #CD%dsr (1-39

where we have used the differential mar$§d3r . The restoring force is the result of stress (or
tension) in the medium. A clear derivation of the relation between stress and strain can be found
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in The Feynman Lectures on Physics, VJRILIP. Feynman, Robert B. Leighton, and Matthew
Sands, (AddisoiWesley, Reading, 1963), Chapter 39]. We will give only a summary here.
The strain in a medium represents the rate (spatial derivative) at whickikatements

deviate from an equilibrium position. For example, if an object is stretched from equilibrium in
thex-direction by an amoura, (x), the strain is given by:

™ (1-36)

Note that if neighboring points are moved by the same distance (locally rigid displacement with
puy /px = 0) then there is no strain between those points. The first subscript indicates the

direction of displacement. The second subscript indsde direction of variation. If a region is
rotated counterclockwise about thaxis by an angle,, the displacements are:

Xj=Xcosg, - ysing,

yi=ycosg, +Xsing, (1-37)
The displacements can be written as:

a, =xi- x=xcosg, - 1]- ysing,

a, =yi- y=Yycosg, - +xsing, (1-39)

Notice that for finite rotations the displacement has a divergedc ( 0) even though the
motion is incompressibleigure 1.11].

180
Rotation

> <€

al2

Figure 1.11 Diagram of half-displacements &2) for a 180 rotation, demonstrating non-zero divergence.

Incompressible motion requires onhat thevelocityhave zero divergence. Since we are
attempting to compute stress (including compression) in terms of displacements, we are forced to
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limit rotations to be infinitesimal in order to avoid anomalous divergences. For small rotations
the firstorder expression is:

a, °-yq,
a, ° xq, (1-39

Of course, a pure rotation is rigid and does not introduce strain into the medium. Thietrain
condition is satisfied if:

& +& =0
ey (1-40)

Shear strain comes about when the quantity above is not zero, and can be regarded physically as
the deviation from rigid motion. The shear strain associated with rotations abaabdisas
defined as:

euay I"lax
2 e UX My u (1_41)

€y =€ =

Note agairthat this quantity is zero for pure infinitesimal rotations, but not zero in general for
finite rotations. Incidentally, the corresponding component of the rotation is approximated by:

Ha')’ _ uax z 1 [‘D 3 ]
281 W g (1-42)
We can compute the relative tium of neighboring points by combining the strain and rotation:

Lac IR
j |
K (1-43

So far we have defined three components of the strain tegigore,y, andey, . Other

W, =-w,, =sing, ==

Xy

comporents of this tensor are easily obtained simply by using the appropriate indices.
The restoring forces which arise in response to strain are computed from a stress tensor

(S"- ) The stress tensor contains the force per unit of orienteavarela would result if a small
block were cut out of the solidl@ = [dxj 3 dkaCbli ) but preserved its shape. For example, a

positive value ofS,, means that the upper surfacezidg) would have a positive force in tie

direction while the lower surface atvould have a negative force in tkairection. If the

stresses are equal at both surfaces then there is no net force. And when the block is inside the
solid the surface forces are cancelled by forces on the adj@anfaces, which differ only by

the opposite orientation of area. However, if the stress iandarm then a net force per unit
volume is given by the derivative of stress along the direction of variation:

. S
a —_—

Fi = .
i B (1-44)
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This expression is valid even when the block is placed back into the solid, since it is a force on
the volume and not on the surface. Assuming a linear relation between stress and strain yields:

Sj = aCj &g
K. (1-45)
The coefficientsCjy, are called the tensor of elasticity. In an isotropic solid there can be no

direction dependence in the elasticity coefficients, so any matieedndent coefficients must
be scalars. The first is called the shear modulysid is conventiaally multiplied by two to
yield the elasticity coefficient:

S ~2m, (1-46)
The second coefficient relates to compression. Compression is represeBtédl by g,
k

The resulting stress is proportional to the compresaia equal in all directions:

€. O
S~/ éa &«

6k U (1-47)
where the Kronecker delta is definedgs=1 if i=] and g =0 otherwise. The general
expression for stress in an isotropic solid is therefore:

€. O
S =2 +/ e G
€k u (1-48)
The presence of stress does not necessarily imply a restoring force. After all, we can stretch a

rubber band and hold it still so that the net force on any element of the band is zero. Restoring
forces arise when trstress is nomniform:

BS;

F=a—
j BXj (1-49)
Plugging in the expressions fejf yields:

F = 2m—1 va Nk a+/ “[Dca]
G 28 B X (1-50)
Or:
F = m2a +[m+ 1] [p &)
KX (1-51)
Multiplication by fixed unit vectors yieklthe vector form:
F=nm%+[m+/1pPal (1-52)

We could replace the first term using the vector identity:
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Dza:D[DC"a]- p3 [D3 a] (1-53
to obtain:
F=[2m+/]plp@]- M3 [p3 4 (1-54)

Note that in this form théorces separate into a term which depends on divergéh@e) @nd a
term which depends on rotaticﬂq ° (E)3 a)/2). This form reinforces the physical interpretation
of shear strain as the deviation from rigid rotation.

Setting the restoring force equal to the inertial reaction yields the equation for
displacemenain an elastic solid:

hY

2
Fmeo + &+ 2[D2 M &= 2/ Jplp G- D2 [p2 4
et 2 Wi g

(1-59
The dot product of angular derivatives may be written as a[q;J,Aplj(Z]aX =-ay, etc.):
&2 , %] )
el + #Dé- 2[D3 2 d=[2m+ /PP G- D2 [pe 4]
eHt 2 g (1-56)
The convection and rotation terms are usually (though incorrectly!) ignored:
pza .
Fm——y =[2m+ 1 P[P G]- M2 [D* 4]
Mt (1-57)
We will also neglect convection and rotation for now, but will discuss them below.
1.4.2. Stress-Energy Tensor
The potential energy density is:
. 2
1. l.e @ 1, 2
U==-aSjg ==/ ey +—a[2ne,-]
2 I TG Y Ty
2 S Q a;é—‘_ay 6 a 622’
——/[Dca] nﬁ%&o +&—-0 +aéﬁo u
Q; X+ ¢z ¢l H
& 52
nfaéﬁ+ yO +aé'|a—+&8 +aeaéja—y +&8 u
2 guy w2 gz s ez owly
u (1-58)
The Lagrangian for conventional elastic waves is given by:
o o, 2 2
1 1 1 1 1,é g
L=k-u=2888 Lligq =1 880 1.0 1,6, ¢
2 cut+  2j 2 gt  2j 2 8k U (1-59)
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Explicitly, this is:

|__— aé’iio -—/[Dca]2 nﬁ%‘é‘a—g 4
Q?“X—

nﬁﬁﬁ+uay +£la—+“aZO +

2§uy x Q@ ¢z X+

° 2

hz -
2g

- OO

oo

o OPRLe
Z |
ooy |
“©

y , bay
iz oy S

“ORPD
-O0O
coCron

(1-60)
The stresenergy tensor (or momentdemergy tensor) is defined as:

_ L
a - Ldj
5 la, ) (1-61)

The canonical momentum which represents the momentum density of the medium is:

H—L =/ &
Wy /pt) ut (1-62)

The wave momentum densitygs/en by:

YR Sy TP T ¥
TR (TEST) IR TART: (1-63)

Note that the direction of canonical momentum is determined from the time derivative of
displacement whereas the direction of wave momentum is determined from spatial derivatives.
For shear waves the wam@mentum is perpendicular to the direction of medium motion.

The EulerLagrange equation is:

P =

B =Wg=

O SV
Mt U(#) U(a|) (1-64)
which yields:
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_d & GHX~ GHY = ¢z 4 )
-n u
I o ~ o ~
! e b e L0 App pp_ od
1+ mEp2al+ —ay, +——a,f[+ ——a,+——a, 8+ —ay +——ay Rl
[Wg) uxyuzung)%uzuyzuxuyxg FRATITRL
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= '{/D[E) G+ [P G + n{(Dza)]}
(1-65
Using the vector relation:
p2a=D[Pp@]- B3 [D2 4 (1-66)

yields the alternative form:

o 2 ~
ﬁf;aé*n_j@: Al/ +2mplp @)- M3 [ps a]
GHU =+ (1-67)

If we consider only shear waves:

o
fr %%‘é*_;?ﬁ: -d{m: [p> a)
cH = (1-68)

It is interesting to note that this equation may also be derived from the Lagrangian:

-
_1 auag 1 2
L-ngé:%g 2’7{(936‘)] 169
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This is essentially the form used by MacCullagh in 1837 to describe classical light waves.
Empty space was modeled as a rotatiorellastic solid (called the aether). At the time, matter
was thought to alter the density of the aetheelsnination of the compressional energy was
thought necessary to prevent coupling to longitudinal waves at the interface. Later, Boussinesq
proposed that the properties of aether were independent of the presence of matter, thereby
allowing the aether tbe regarded as an ordinary elastic solid.

This concludes the conventional analysis of shear waves in an elastic solid. However, we
will next consider two additional properties of elastic waves which have hitherto been neglected.

1.4.3. Rotation and Convection

Corsider incompressible motion due to sheu@ = 0). It is customary to simply
remove the term containing @ from the equation. However, care must be taken here because
although we may be justified in neglecting the motissociated with compression we cannot
necessarily ignore the stresses associated with compression. In particular, if the medium rotates
then the centripetal acceleration may be attributable to compressional stress. Therefore the
centripetal acceleratioriheuld be subtracted from the wave equation to yield:

Folifa- we d=- 2 [p2 (1-70)

where#=,a andw =[D3 a]/2.
Neglecting compression now yields the vector wave equation:
2
a

U_z =c’Pla+ws #

Mt (1-72)
Notethat the acceleration representedvey # has no energy associated with it since it

is perpendicular to the velocit.
Another effect which is neglected in the conventional treatment of elastic waves is

convectionln the absence of any restoring force, motion with velacityduces a change in any

parameteq:

L Y dq
Mt (1-72
Applying this rule to the components of veloc#yand including thigerm in the wave
equation yields:
2
U_:l =c’D%a- #MéE+w?3 &
Mt (1-73

This wave equation includes reaction, convection, and rotation terms. Now we have
restored the convection and rotation terms by providing a physical rationale for their importance.
However, we will not attempt to construct the corresponding séresgy tensor.

1.4.4. Rotational Waves

Recall the conventional Lagrangian for shear waves:
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1 1
L=g el 5”{(53 o] (1-74)

The potential energgssociated with shear waves can be interpreted as proportional to the
square of the local rotation angle:

’ :%”{(Ds a)Z]O e (1-75)

This property suggests that shear waves may be described entirely by rotational variables.
In order to do tls, we need to find an expression for the torque. For a constant force the torque
is:

g=r3F (1-76)

We may invert this relationship as follows. Consider a locally rigid rotation with velocity
v=w3r =-r3w, wherew is the local angular velocity. This expression depends on the non
local quantityr. However, the relation between velocity and angular velocity can be written in a
local form asdv=-dr3w. For example, ifw is in the zdirection thendv, =w,dx and

dvy = - wydy. Thereforew, = dv, /dx=- dv/dy=(D* v),/2. Hence the differential equation

corresponding tov=-r3w is w :(D3 v)/2. Similarly, the force and torque densities are
related byf =- (B3 U)/2.

For particles angular momentuin is obtained from momentur® by the relation
L =r3 P However, the local (spin) angular momentum derssitgd linear momentum density
g in an elastic solid cannot be related by the-lomal quantityr (nortlocal in the sense that it
depends explicitly on the choice of origin). Instead, the relation between densities must be
ds=dr3q. Inversion then yields the equation=- (B3s)/2. Note that this is entirely
analogous to the relatioriplbetween vorticity and velocity.

The elastic shear force equation:

i (ru)=- nps (P2 a)] = M?a (1-77)
becomes:
- k(B3 8)=-2nD2 (3 a)=-4m3 U (1-78)

We can write the wave equation as:
D3 {s- Y=0 (1-79)

where the torque density= 411 is proportional to the local rotation angle (with positive sign!).

Now define a variabl® whose Laplacian is equal to the rotation angle (or orientation):

0=--1p2%
4r (1-80)
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We assumehiat the medium has a linear response to rotation, so that the torque is:
= A bl = 2002
U=4mJ) =c“D“Q (1-81)
with c2=m'r .

Therefore, for infinitesimally small motion (neglecting convecti@(ﬁ), the variable
s1 @ represents angular momentum density and we have:

st mQ
1 1
u=- —b3s=-—DH3
2r 2r @
U: ¢%p2Q
W:lf)s u=- igs [E)3 (ﬁ]
2 4r (1-82)
We also have for infinitesimal displacements:
1
a° - —
> b3 Q
go-Lps [D2 Q]
4r (1-83)

Equating the ratef change of intrinsic angular momentum density to the torque density
yields a wave equation f@y:

2
M (2? - %P0
pt (1-84)
The curl of this equation is the familiar shear elastic force equation Bv@h= 0):
ﬁﬂ- %P2 Q “—2 c’p2a=0
I Ut y Ht (1—85)

This equation is more generally valid than the previous one. For example, a constant rigid
rotation does not satisfy{84). However, (384) is sufficient for describing rotational waves.
For rigid rotations:
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S:Er(rz)wz

u=- L ps s=rw,
2r

—EDSU_EN
2

K= 1 ru? = 1W 3
2 2 (1-86)
Notice that if we had definesl=r 3 ru then it would have-dlependent terms. The relation
b3 {pts- 4ml} =0 is valid for rigid roaaitions (usingd = fjwdt).
The kinetic energy associated with this angular momentum is:

K = ,u2d% = dpe | dps gJdsr
2 8/ m (1-87)
We can integrate by parts to express kinetic energy in terms of rotational variables:
D3 s|@ps sld’r = F{HiSjHiSj - Hisjlljﬁ]dsr
= SjHiSj - SjH;S - F{Sjuiuisj - SjHjUisﬂ']d3r
:r[S-DSj - sC'iDs]C"DldA- F{sCiDzs- s C"s]]dsr
e1

ZDS - sGDsHGndA+ rsdp3 [D3 sfid>r

r% ps? -sGDs DdA- 4/‘ﬁWCSd r
(1-88)

The boundary terms cannot generally be ignored when computing kinetic energy, but we will

ignore them for the purpose of formulating the Lagrangian. The functional dependemi®ian

the second integral. Since this term is negativetahde boundary terms canot
of evolution, the Lagrangian density in angular variables is:

Li=- 1#a- 2md
2 (1-89)

However, since the sign of the Lagrangian is arbitrary so far as equations of evolution are
concerned, we iV change the sign:

L=lda+ 2md
2 (1-90)

It is now the Lagrangian, and not the Hamiltonian, which appears to be equal to the total energy
(We will scrutinize the potential energy in Chapter 3).

In this expression we must regards afunction of #. Therefore the conjugate
momentum is:
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- 10 ey =1 9 - 3
.dﬁ@d 2061- A3 s|dp3 sd

=~ Lps s]C";*i[E)3 sldr = 0L B3 = pc(r o3 =)
2 j j (1-91)

where d®(r) is the three dimensional Dirac delta function.
The EulerLagrange equation is:

Bda _ d
wt ddf) ~ dla) (1-92)

which yields as above:
pt (1-93
As we saw above, the force equation corresponds to the curl of this equation. Although not
completely general, this equation is valid for wave solutions.

Now we need to include the effts of finite amplitude. Finite velocity induces

convection, and finite rotations can result in instantaneous rotations which are not parallel to the
angular momentum. Adding these effects yields:

UtzQ = CZDZQ -udG+we @ (1-94)

Now it is onlynecessary to determitieandw self-consistently. This task will be left to
Chapter 3. For now we simply note that the definitions above are insufficient since for finite

rotations the instantaneous rotation rate is not equal to the rate of dﬁm@tatior(w . @)

However, if we assuma®@ - w3 & =M 2Q then we obtain a transverse Klein
Gordon equation:

KQ=cP’Q- M%Q (195
This yields the relativistic energpomentum relation between eigenvalues:
E2 = c2 pz + M2 (1.96)

Even ifM=0, the convection and rotation terms may contribute significantly to the physical
description of the wave.

1.4.5. Electromagnetism

The pinnacle of conventional physics was the development of a complete theory of
electromagnetism in 1865 by James Clerk Maxwell [1891]. It was by then well understood that
objects with electrical charge would attract if the charges were opposite and repel if the charges
were the same sign. Accelerated charges resulted in the emissientcdmagnetic waves
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which traveled at the same speed as light waves. Hence it was correctly deduced that light is a
form of electromagnetic radiation. In modern notation Maxwell's equations can be written as:

DE=4p ¢
bdB=0

P3E=-

Ol

HB (1-97)
Mt

psp=1HEL,
Cut c
where E is the electric fieldB is the magnetic fields is the electric charge density, ahts

the electric current density.

The force exerted by the fields on a particle with charged moving with velocity is
given by the Loretz force law:

F= ng +1yap? (1-99)
c H
For moving particles the current densityds= 7 ov. The fieldsE, B, r,, andJ can be derived

E= 1pA

C W
B=D3A

1p ..
4 g=- BF--Ep&
0 & ot

2
4_'0J :EEDF +iM +P3 [E)3 A]
from potential fieldsA and F as follows:

(1-99

Note that the density and current satisfy a continuity equation:

%m(‘w =0 (1-100

The potentials in turptendcda@GlIlbe derived from a

35



(2-101
This set of potentials is called the Lorentz guage.

Alternatively we could pick out one directidnfrom adivergencefree field which obeys a wave
equation:

:EEGS

C Mt
A:LG

MXg
P =0

lp 2

4p =- -—D°G,=- BF
P & C it s
4 1 p? 1% p 2 W Moo 81 g2 o9
I =S PG+ G- D2 -CG =S BF v - DA
C c” Mt Cc” ut° WXg MXs C Mt gCc” Mt 0

(1-102)

This set of potentials is called the Coulomb gauge. Since electrons (and protons) do have
anisotropy due to spin, this definition of potentials is not as contrived as it might appear.
Consider tle case of electromagnetic fields in vacuum withand J both zero. If we take the
curl of the third of Maxwell's equations and combine it with the time derivative of the fourth
eguation we obtain:

2
D2E- %H_ZE:
c™ ut

(1-103

36



Each of these equations is a homogeneous vector wave equation. In vaculifraitEhave
zero divergence, so these equations have the same form as the conventional equation for shear
waves.

1.4.6. Wave Energy Density

The rate of work performed by electromagnetic fields interacting with charged particles in a

volumeV is:

W i3 g (1-104)
%

By substituting ford and using some vector identities we can obtain (see Jackson:p.236)

W_ 1 g el

>~ Hlg2,52@ © sysEs
uo dpy §2ut[ ]E4ps

(1-105

Clearly the first term on the rigitand side represents the energy associated with the fields in the
volume while the second term represents the flux of energy through the surface of the volume.
Therefore theenergy associates with an electromagnetic field in voMiise

U=pdr EBL[EZ + Bz]g
v P (1-106)
This equation can be written in terms of potentials as:
N 5 2
U :Si rd°r 3 BF - 1% +p3 A%
c :
a b (1-107)

1.4.7. Harmonic Representation of Waves

The following discussion is based on Jackson [1975 pp323%
The plane wave solution of the edenensional wave equation for a scalas:

A= A e () (1-108

Both k andw cannot be regarded as independent variables since teespaed is given by
c=w/k. Usingw= w(k) a general solution can be formed by integrating over all possible
values ofk:

_ 1 i[kz- wik)t]
x,t)=—rpdk Alk)e
Alx.t) T Ak) 1109

The normalization factor iarbitrary but conforms to standard Fourier analysis.
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For harmonic waves with the exponentiekpi (k &- Wt)), the derivatives transform as
Mt - -iwandb - ik . So the energy density of electromagnetic waves has the dependence:

2

U ~‘- ikF +iVEVj +lik3y |?

(1-110
Sincew=ckwe have

28 P s PO 28 L 12 LB, 2O
U k2 g o [T ) TR g [T B 78 (119

In the case of shear waves, the energy density is proportional to the stress times the shear (
dU =F @x). We won't derive this explicitly, but to show that it is reasonable consider the
following proportionalities:

i) MXj i HX ] (1-112)
And sinceS§; ~¢g; ~ i \e conclude that harmonic waves have
HX]
- 2 12,2 202
U ‘uui/pxj‘ k2u? ~w2u (1-113

So for both electromagnetic waves and shear waves the energy density is proportional to the
square of the frequency (or wave number). Of course, if one takes the derivative of the wave
amplitude to be the true amplitude (e.g. udstngndB instead of F andA), then the energy
density becomes independentwéndk. However, there is no conventional wave for which the
energy density could be written so that it is proportional to an odd poweord.

1.4.8. Separation of the Wave Equation
In many phygal problems solutions of the wave equation can be found by the method of
separation of variables. For example, waves inside a rectangular enclosure might be assumed to
have the form:
y (xy.z,t)= Alx)B(y)c(z)D(t)
The wave equation is then:

éuz 9 éuz a éuz a éuz 9
ABCé— Dy- é— AUBCD- Aé— B(CD- AB¢—CyD =0
™ g éax” g e u ew o (1-114)
Division by ABCDthen yields:
2 2 2 2
1“_2[)_ EH_ZA_ 1“_25_ 1“_2(;:0
D ut A px By Cy (1-115
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Each term in this equation is a function of only one variable. Therefore each term must be a
constant, and the sum of the constants is zero. For example:

11p% . W
25227 2
c” Dut C
2
- EU_A k2
Apx?
1 2
- - FoB=k?
B py?
2
- i“_c k2
C pz?
- ﬁ2+kf+k§+kz2 =0
c (1-116)
Any function with w? =ck?and of the form:
y (xy,z,t)=¢"i#ka) (1-117)

is clearly a solution. The general solution is a sum of these basis functions.
The wave equation is also separable in dpakcoordinates (the following is based on
Butkov [1968]). Assuming solutions of the for(r)B(g)C(7)D(t) we have:

1u2D_1uezu Mpo 1 o

S ing
Dc2 u[2 Ar2 ur Vg Br squgS g H cr?sin quf2 (1-118

This yields the following separate equations:

1 wp_ w
D (2 2

2
_EH'ZC:[T]2
Cuf

R 2

- 1 i%m £B + m :/q
Bsing ug ug U sin? q

Ar? pr wo oy c (1-119

Note that the polar solutid®(g) depends on the value of the azimuthal separation constant

and the radial solutioA(r) depends on the values of the pc(lbtg) and tempora(wz/cz)
separation consts.
The temporal solutions have the form:
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D(t): Donth (1_120)

The azimuthal solutions have the same form:
_ °imf
C(f)=Cqe (1-121)

Due to the periodic nature of the varialblehe value ofmis quantized. Iimis aninteger then
C(f) is singlevalued C(2p)=C(0)). Halfinteger values afn allow for doublevalued functions
(C(2p)=- C(0)). Note that double valued functio@¢f) are singlevalued for C(7)|2.

Next we consider the polar equation. MultiplicationBsng yields:

X 2
L?finq—B +/ Bsmq-m—B 0
ug H sing (1-122)

2
Letting x =cosgand dg = dx/sing = dx/[l- xz]]/ , We obtain the Associated Legendre
Equation:

LI T ] (e golo)-
KX 1- X (1-123
where b(x) = B(q(x)). Note thatx=x1 are singular pais. We require that the solutions be finite

at these points. Lettlng [1 X ] (x) yields the indicial equation:

-25[1 X ]u+4x25u 2x5{1 x] u- 2[s+1]x[1 X ]Hu+[1 X ]Zu—u

X2 (1-124)
+/q[1- xz]u(x)- m2u(x) =0
At x=%1 we have:
45’ - m? =0 (1-125)

which implies thas=tm/2. Since our purpose here is to make the solutions finite, we choose the
positive value and assume0. The equation fau(x) is now:

2

[1- xz]”—g - 2[m+1]x£u- [m+ m? + /q]u =0
HX KX (1-126)

We writeu(x) as a Frobenius series:

u(x)= & a,x"
n=0 (2-127)
which yields the equation:

n[n- l]aax 2 n[n- 1]aax -2[m+1]naax -[m+m +/ ]aax =0
n=0 n=0 n=0 (1_128)
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Terms for each power afmust add to zero. This leads to the recurrence relation:
_ n[n- 1]+2[m+1]n+m+ m? +/, a
n+2 — n
[n+2]In+1] (1-129

Note that amn- @ the recurrence relatiotgecomesa,,, - a,. For k|<1 the power series

converges sinc&” - 0 asn- ©.However, at=1 the series must terminate in order to
achieve a finite solution. This only happens for speahles of the separation constapt:

- /g =nn- J+2Am+n+m+m? =[n+mn+me1] (1-130

Whenmis an integer it is customary to write the separation constaty, as- I[I +1] with [ 2 m
. When the separation constanbighis form, the functions(x) are polynomials, and the
functionsb(x) are called the Associated Legendre Polynorrﬁfﬂé(x):

2)”‘/2 l+m

A6 (- 2" B R ()= b L A R
X 2'1'

(1-131)

with 0¢ m¢ | . Some authors omit the factor @f1)™ in this definition. Be careful!

The combined angular solutio®{g)C(f) are called spherical harmonics. In normalized form
and allowing for negativen the spherical harmonics are:

Yim(q.7)= \/ 2uad e ™ (cosg)e

&y
4 | +|m! g
0 @ |I‘T'1 (1_13@
A few samples follow (from Jackson [1975] p.99). F=0:

1
Yoola,f) = /—
00(67 ) 40 (1133

Forl=1:

3
Yol 'f)=\/%00361

Yia(g.7)=- ,/i singe’
8o (1-139

Forl=2:

imf
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Y20(q.7) ,/ 82605261
Yo1(g.7) = 1/Spschosqe

Yoo ,f)=1\/ESinzqei2f
4\V8p (1-135
Forl=3
78 5o
Y30(q.7) = 82C0 q- —COSQH

Yai(g.7) = - %\/%sinq[Scoszq- 1]eif
1 /105 . i
Y32(9.7) = Z,/z sin? gcosge'?
Y33( ,f) =- %\/%Sinsqeie’f (1 136)

In principle one could have hailiteger values dfandm, but these are not believed to be useful
since the integeindexedY,, 6 s al ready form a complete set.

The wave equation may therefore be written in terms of eigenvalues:

2 Mg I[I+1] W fl

He -
157~ 4 ,UA mW( ) 0
[rzur IJFH r2 y (1-137)
This is called the Helmholtz equation.
1.5.Properties of Waves
% : Ny
Figure1.12 Di agram of a | ight ray propagating accord
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1.5.1. Wave propagation

Many readers are probably familiar with Snell's law for wave refraction at a boundary between
two media:

Ny sing; =N, sings, (1-139

wheren; is the index of refraction which is defined as the ratio betwthe vacuum wave speed
and the wave speed in the medium:

Ci (1-139

The angles are measured from perpendicular, so the wave direction is always closer to
perpendicular in the region with slower speed (higf)ein otherwords, the wave bends toward
the region of slower speed. It turns out that Snell's law, which applies only to distinct boundaries,
is a special case of a more general formulation called Fermat's principle:
dis =0

c (1-140
This cordition means that the path of the wave between any two points is such that the integral
of length divided by speed is an extremum (maximum, minimum, or inflection). Small changes
in the path do not change the value of the integral to first order. FoaskeoEwaves
propagating between pointg,(, y;) and (X», y») and intersecting the boundary between regions

1 and 2 at the poink0), Fermat's principle becomes ($ggurel.12 and Jenkins and White p.
14-18):

deﬁ+d2?—£eﬁ+d_2?>(:ﬂgﬂx- x1]2+y12]}/2 +[[x?_- X]2+y§]%§dx:0
c

gcl C2 H HX gcl coa  Mx€ G 2 5
e 4 (1-141)

The derivative yields:
e a " .
éi [X' X1] +i [Xz' X] :(?S'”Q1+S'HQ2€QX:O
eclh 2 2]% C2 ﬂ 2 2]%9 & ¢ C2 0
e X- Xl] + Y1 Xp - X] + Y2 Y] (1_142)
This must be true whedx , O, implying:
sing; N singy _ 0

C Co (1-143
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Multiplication by the constant yields Snell's law.

1.5.2. Dispersion and Group Velocity
We have already seen that solutions of the wave equation have the form:

f(zt)=f(z° ct) (1-149

The Fourier decomposition depends by through the phase factdr= kz° ut. Setting the
phase to a constant value yiekiz® ut = 7. Differentiation yields the phase velocity:

dz_ _w
V, = — =@
Pdt Tk (1-145

If the phae velocity varies with frequency, the medium is said to be dispersive. Interference
between different wave frequencies separates the wave into packets which have large oscillations
where the phases of different frequencies are aligned and small oswllatiere the phases of
different frequencies are misaligned. The speed of these wave packets is called the group
velocity, and can be derived from a simple example consisting of two frequency components

(see e.g. Chen p. 6[):

A_'L(Z,t) — Aoei [[k+dK]z- [w+dwlt]
A (2.) = Agellic oz el e
The sum of the two components is:
Az 1)+ Az t) = Aolei[[k+dk]z- [wdwkt] | Gillk- dK]z- [W—dW]t]J
- pgelke wt][ei[dkz-dwt] + o ildkz- th]] (147
= Ae k= “tl[2coqdkz - dut)]

The rapidly varying phase of the exponential factor propagates with the phase veltgity (
while the slowly varying phase of the cosine factor propagdttéee group velocity:
_ dw

9 dk (1-148

1.5.3. Interference and Diffraction

Waves from different sources, or waves from a single source but following different paths, will
not generally have the same phase at the point where they eormbase phase differences

result in the phenomenon of interference. Constructive interference occurs where the waves are
in phase, so that the amplitudes are added. Destructive interference occurs where the waves are
180 degrees out of phase, so thataimplitudes are subtracted.
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Diffraction is a form of interference which results from the wave propagating past a small object
or through a small opening. Different path lengths for waves propagating past the object (or
opening) from one side or the otheoguce the interference pattern.

1.5.4. Doppler shift

Frequency i) at detector moving away from fixed soures:(

wi = 1- v/c) (1-149
Frequency i) at fixed detector from receding soureg)(
_wi
(1+v/c) (1-150

1.5.5. Uncertainty Principle
Now consider a wave packet whose intensity has Gaussian shape with standard deyiation
time to:

Alx.to) = Ager ol /455

P2 (x,t) = Age b ol /253 (1-151)

The Fourier representation is:
_ 1 [x- %2 482 - k@&
Alk,tg) = — pdx Age” 7ol /%5xe
( O) \/Z_p AO
= 1 oo - [ w45 - ik x]
=——e fdx Ane X
\/2p &

o kX ndxe ([x- %o)/25 - iks y )P

Aoe
\/_ o (1-152

where the last step comes from completing the square in the exponent. This can be
solved using a cute mathematical trick:

o A O o] 1/2 o] ]/2
2 2 2 2
pdxe =gﬁdxe'X ﬁdyéyﬁj -Zﬁ fdxdye’ ey ]u =ez ﬁdre ’5’ = P
-0 e - o u @o-o u e o0 U 2
(1-153

Therefore:
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2

Alk,to) = s Age Koe Sk

e 2,2
Ak to)? = sZAZe 25K (1-154)

Note that the shape of the intensity profile (power spectrum) in the Fourier domain is a Gaussian
with complex amplitude and standard deviatep=1/2s, . It turns out that the Gaussian shape

minimizes the product of the standard deviationsys can write the classical uncertainty
relation as:

SxSk? Y2 (1-155

where s, and s, now represent the standard deviations of arbitrary wave intensity profiles in
the spatial and Fourier dwins.

Thus far this uncertainty relation is simply a mathematical property of Fourier transforms. What
makes it physically interesting is the fact that the waves also satisfy the wave equation, in which
case the wave numbkrs inversely proportional tthe wavelength. In three dimensions, the
vectork indicates the propagation direction and is therefore related to the wave momentum. In
particular, if the wave propagates through a slit of widklthen the uncertainty in the

component of the wave numbers 2 ]/[ZDX]. Hence the uncertainty in wave propagation

direction increases as the width of the slit decreases.

Similar uncertainty relations can be derived for other conjugate variables swgh).as (
An interesting case is that of angular variables. Requiring the wave amplitude to be periodic in
g implies that the angular wave numbarare quantized in integer steps:

flg)=a F (e
m (1-156)

The Fourier transform is:
F(m) = if (g)e Mdg (1-157)

The angular distribution cannot be a simple Gaussian because of the periodicity constraint. For
illustration of the uncertainty principle for angular distribution, we will pick a distribution for
which part of the Fourier trarmim (the cosine transform) can be performed analytically. Let:

f |1- a2|
f(g)= 0
@ 1+a?- 2acodg/2) (1-158

As aY 1 this distribution becomes sharply peakeg=a.
The real part of the Fourier transform is:
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2p 20 e cosmg (%]
f iflg)cosmgdg = fy[l- a nd
(m)= r (g)cosmgdg o[ ]og1+a2-2acos(q/2)u q
e cos2mgi
= foll- a°[Ag S2dgi=2f
0[ ]De1+ a- 2acosq|u a Opa (1-159

AsaY 1 the Fourier components drop off slowly. Hence the spread, or uncertaintyaities
increases as the spread of angles decreases.

1.6. Summary

We have reviewed the basic concepts of classical mechanics, including the physical and
mathematical properties of wavééow we are ready to apply this knowledge to theories of
matter.
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The following figures are believed to be free of copyright reégtngand were obtained from the
sources listed. Other figures are either original works or are cited in the figure caption.
Figure 1.1 Aristotle (circa 384-322 BC).
Sourcehttp://www.departments.bucknell.edu/history/carnegie/aristotle/bust.html
Figure 12 Ar i st ot | e dke ChristiareAristetelian cosmos, engraving from Peter Apian's
Cosmographia, 1524.
Figure 1.3 Ptolemy (AD 127145)
Sourcehttp://abyss.uoregon.edu/~js/glossary/ptolemy.html
Figure 1.5 Nicolaus Copernicus (1473.643.
Sourcehttp://www-groups.dcs.sand.ac.uk/~history/PictDisplay/Copernicus.html
Figure 1.6 Johannes Kepler (15741630)
Sourcehttp://www-history.mcs.stind.ac.uk/Biographies/Kepler.html
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Figure 1.7 Isaac Newton (1643 1727)
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Figure 1.8 Albert Einstein (18791 1955)
Sourcehttp://www-groups.dcs.sand.ac.uk/~history/PictDisplay/Einstein.htmi

Figure 1.10 Emmy Noether (18821935)
Sourcewww-gap.dcs.stind.ac.uk/~history/Biographi@¢gdether Emmy.html
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Chapter 2. Matter Waves and Special Relativity

Ailgnorance is preferable to error; and
truth who believes nothing, than he who
0 Thomas JeffersoMotes on VirginigdQuery VI)

2.1.Introduction
nScience is the belief in the ignorance

0 Richard Feynman [1969]

Early attempts at a wave theory of light presumed that light waves propagate through a
universal medium in the sameanner as sound waves through air. This medium was dubbed the
l umi ni ferous 6aet her 6 .Figur€ b1l publishech an eXplanatipe wfs [ 16
reflection and refraction based on the principle that each swfaceavefront can be regarded
as a source of secondary waves. Huygens also discovered that birefringent crystals can separate
light rays into two distinct components (polarizations). Isaac Newton, among others, doubted the
wave hypothesis in part becaus could not explain this property of polarization. Nonetheless
Newton did perceive a similarity between color and the vibrations which produce sound tones.

Figure 2.1 Christian Huygens (1629 1695)
I n 1675 Ol af Roemer attributed variations 11

to variable light propagation distance between Jupiter and Earth. This interpretation, combined
with Giovanni Domeni co Cas s i anetarysdistpnaes inl1672,x de't
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determined the speed of light to be abaut® 10° m/s (recent measurements put the value at

2.997923 108 m/s).

Because light, unlike particles, propagates at a characteristic speed, Thomas Figauang [
2.2] was convinced that light consists of wavds. demonstrated this wave nature by producing
interference fringes from light passing through two narrow slits. Then in 1817 he explained
polarization by proposing that light waves consist of transverse vibrations such as occur in an
elastic solid. Augusti Fresnel Figure 2.3] adopted Youngods idea of
developed a highly successful theory which explained diffraction and interference in addition to
reflection and refraction. He supposed the aetbeesist distortion in the same manner as a
elastic solid whose density is proportional to the square of the refractive index.

et

Figure 2.2 Thomas Y5Ug (1773 1829) Figure 2.3 Augustin Fre;snel (1788 1827)

A conceptual problem with a solid aether is the question of how ordinary matter can coexist
and move freely through it. George Gabriel Stokagufe 2.4] proposed that the aether was
analogous to a highly viscous ftuor wax: elastic for rapid vibrations but fldiée with respect
to slowmoving matter.
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Figure 2.4 George Gabriel Stokes (119 1903) Figure 2.5 James MacCullagh (1809 1847)

A more direct difficulty with the solid aether model was that density variations (e.g. at the
interface between vacuum and medium) led to coupling between transverse and longitudinal
waves, a phenomenon not observed fortliglaves. James MacCullagh [183%iglre 2.5]
avoided this problem by proposing a O6Fotatio
depends only on rotation (approximated by curl of displacem)ent

F =%n(£)3 a)?

The resulting wave equation is:

Wa
r— =-nm:3 (E)3 a)

pt
which is simply the equation of elastic shear waves which we derivetlapt€ 1. Matter was
now presumed to alter the elasticity of the aether rather than its density. This model successfully
accounted for all of the known properties of light. Joseph Boussinesq [18G8i [2.6]
proposd that the aether could be regarded as an ordinary ideal elastic solid whose physical
properties (density and elasticity) are unchanged by interaction with matter. The optical
properties of matter were thus entirely due to the manner in which matterctistens the
aether. With this approach any classical optical phenomenon could be consistently modeled
simply by finding the appropriate interaction term.

51



Figure 2.6 Joseph Boussinesq (1842929) Figure 2.7 William Thomson (Lord Kelvin, 1824 i
1907)

In spite of these successes, scientists continued to pursue theories of a fluid aether through
which solid matter could propagate. William Thomson (Lord Kelvitigufe 2.7] attempted to
mod el the aether as a 06v-gacalé wrticesswitloinitially éandona f | u i
orientation. He argued that this system could support transverse waves analogous to those in an
elastic solid. James Clerk Maxwell [1861a,b628b] Figure 2.8] modeled the aether as a
network of rotating elastic cells interspersed with rolling spherical particles in order to derive the

eguations of electricity and magnetism. His resultant equations for light waves are equivalent to
those of MacCullagh.

Figure 2.8 James Clerk Maxwell, 1831 1879 Figure 2.9 Albert Michelson, 18521931
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Since matter was presumed to move through the aether as particles moving through a fluid,
many attempts were made to directly measure the relatoteon between the earth and the
aether. The most notable of these was an experiment first reported by Albert Michejsen [

29] in 1881 and subsequently improved [Michelson and Morley 1887]. Interferencesfringe

were formed by combining two beams of light which propagated along perpendicular paths. If

the earth moves with respect to the aether then light propagating back and forth along a path
aligned with the earthods mot i owmelocgyhtban light hav e
propagating perpendicul ar to the =earthos mo t
apparatus is rotated so that a given beam is alternately parallel and perpendicular to the direction
of the earthdés motiexcn. whoesweobesser vread dSdunciht hedfsf
experiments.

Oliver Lodge [1893] demonstrated that the velocity of light is not noticeably affected by
nearby moving matter, indicating that aether is not dragged along with matter. George FitzGerald
proposéd that the inability to measure motion relative to the aether could be explained if matter
contracts along the direction of motion through the aether [Lodge 1892]. Joseph Larmor [1900]
noted that in addition to the shortening of length, moving clocks dladsb run slower. Hendrik
Lorentz [1904] Figure 2.10] combined length contraction and time dilation to obtain the complete
coordinate transformatien Henri Poincaré [1904]Figure 2.11] gave the name OP
Relativityd to the doctrine that absolute mo
increases with velocity and that no velocity can excewd speed of light. Albert Einstein
[1905a] reformulated relativity with the more positive assertion that the speed of light is a
universal constant independent of observer motion.

Figure 2.10 Hendrik Lorentz (18537 1928) Figure 2.11 Jules Henri Poincare (1854 1912)

One difficulty with the classical theory of light was a lack of success in describing radiation
from a cavity at a fixed tempeFgad2uzfderivgdéthe 6 bl ac
correct formula for blackbody radiation by supposing light to be emitted by vibrators whose
energy e=nhn =n>w is an integral multiplen of a constanh multiplied by the frequency
(or a multiple of>=h/2p times the angular frequep w=2p /). Albert Einstein [1905b] used
the idea that radiation consists of discrete quanta in order to explain theefduitc effect, in
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which the frequency of ligg must exceed a certain threshold in order to liberate electrons from a
metal. Niels Bohr [1913]Higure 2.13] used quantization of angular momentum and energy to
derive energy levels and spectral frequencies of ydeolgen atom.

Figure 2.12 Max Planck (18581 1947) Figure 2.13 Neils Bohr (18851962)

Recognizing that quantization is often associated with waves and vibrations, Louis Victor de
Broglie [1924] Figure 2.14] proposed in his doctoral thesis that electrons have a -likeve
character with energy proportional to frequerey >w and momentum proportional to wave
vector p =>k.. Bohrdés quantization of a ntigeudqurememho me n't
that stable electron orbits contain an integral number of electron wavelengths. Walter Elsasser
[1925] suggested that this wave property of electrons might explain maxima and minima in the
angular distribution of electrons scattered fronplatinum plate in experiments reported by
Clinton Davisson and Charles Kunsman. The wave nature of electrons was confirmed in 1927
when electron diffraction by crystals was clearly demonstrated in experiments by Davisson and
Lester Germer [1927]F|gure 2.15], and independently by George Thomson and A. Reid [1927].
See http://online.cctt.org/physicslab/content/gipp/lessonnotes/dualnature/Davisson_Germerfaspa
comparison of diffraction usingpays and electrons.
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Figure 2.14 Louis Victor de Broglie, 18921987 igure 2.15 Clinton Dvisson ad Lester
Germer in 1927

The discovery of the waviéke propagation of matter actually solves the historic dilemma of
how matter can move freely through a solid aether. In addition, the elastic medium itself need not
change at all at the intexde between vacuum and matter, thus explaining the lack of coupling to
longitudinal waves. The wave nature of matter also leads directly to the Principle of Relativity
without any modification of the classical Galilean view of Euclidean space and alisokitas
will be shown below. However, mechanical modeling of fundamental physical processes was no
longer in vogue at the time of this discovery. Matter waves were not regarded as ordinary
classical waves.

2.2.Measurements with waves

"If we are to achieve rests never before accomplished, we
must employ methods never before attempted.”
0 Francis Bacon

The first part of the following discussion
relativity but with different rationale [Einstein 1956]. Let usnsumler the transformations
between coordinates of relatively moving observers who measure distances by timing how long
it takes for waves to propagate back and forth between two points. The defining equation would
be:

3

2 _ 2 2 2 _ = 2 _ 2.2
(45 = (07 + (o) + (02 = & (0 =% @
wheredsis the spatial distance between two points at a fixed tngean arbitrary constant, and
tp is the time it would take to propagate a wave from one point to the other if they remained

stationary. With this definition of distance, the constaistsimply a scaling factor whiatelates
the units of distance to the units of time. This distance corresponds to the usual definition of
distance ift is the speed of the wave used in the measurement.
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Now suppose we consider propagation of a wave from fgiid point P,. In a reference

frame in which the points are stationary, Egl Rolds. An observer in a different inertial

reference frame using the same definition of distance would have:
3

& (Dxi)* = ety

i=1 (2-2)

The quantity(Dx)2 +(D)/)2 +(Dz)2 - czt% is therefore zero for both observers. Allowing for an

arbitrary offset, the invariance of this quantity for different observers is precisely the condition
which  Lorentz used to derive the relativistic transformations. The quantity

(22_ 22 2)1/2- - . -

Cte-x°-y°-2z iI's sometimes called the &édseparation
For example, suppose a submarine navigator is using botfarto measure time and to

detect fish in the water. The sailors use special sonar clocks which measure time by cycling

sound wave pulses back and forth across a fixed distance in the water perpendicular to the

direction of motion. Each cycle of wavensmission, reflection, and detection at the original site

of transmission constitutes a tick of the clock. In this analysis we will neglect any effects of

displacement of water by moving submarines. An animated presentation of this analysis may be

found athttp://www.classicalmatter.org/UnderwaterRelativity.htm

Sonar clock

Stationary su

NG
L

MMNN)
N)

Ceeeeeds

<
<

Figure 2.16 Time Dilation: The clock on Oj ticks slower than the clock onO by the factor /1- vz/c§

because waves travekfrther between transmission and detection. Botk® and Oi measure the same
number of clock cycles fora wave to propagate from their own sub to the fish and back. Hence they
agree on distances perpendicular to the direction of relative motion.
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2.2.1. Time dilation

If both the sub and the fish are at rest in the water, a sound wave reflected from the fish at
distence ? would return after timet =27/c5 , wherecsis the sound speed. The dista to the

fish is therefore taken to be=cst/2. Suppose now that the sub and fish are moving together in

the water with common speeadperpendicularto the original direction of wave propagation

(Figure 2.16). The path of the sonar clock waves forms two sides of a triangle for each cycle. A
similar triangle is formed by the wave propagation to the fish and back. Therefore the number of
clock ticks which occur during wave propagation to the fish and back is independent of speed. If
the navigator doesnodt real i z eesanmeadatios betveen s mo
distance and time?j = ?=cgti/2. The navigator of a second submarine sitting still in the water

would observe the wave propagate over a distance:

Aty
dict=2]|7 +&-0
(;ZT (2_3)

Substituting??® csti/2 and solving fort; yields:

ti=ty1- v2/c2 (2-4)

This equation merely expresses the fact that the clock on the moving submarine ticks more
slowly that the stationary clock becaute waves have farther to travel between ticks. Hence the
time () measured by the stationary observer is longer than the tijne¢asured by the moving
observe . This phenomenon is referred to as o6ti me
It is obvious that if the unprimed observer is truly stationary with respect to the water,
then the moving clock does in fact tick more slowly. This is not merely an illusion. What is
interesting is tht the wave measurements performed by these submarines are insufficient to
determine which sub is actually moving with respect to the water. Therefore the moving sub
would interpret the stationary clock as running slowly, and in this case the effedtlissiamn.
This point will be discussed below in connection with Doppler shifts.
Since the stationary navigator sees the fish (and first sub) move a distaheéile the
wave is propagating, the above equation can be rewritten as:

o t(l- vz/cg)_ t- vx/cg
ti= =
\/1- v2/c2 \/1- v2/c2 (2-5)

which is the Lorentz transformation of time between two observers, with the primed observer
moving in thex-direction with velocity ¥ with respect to the unprimed observer.

2.2.2. Length contraction

Since both observers measure the same distgre@, the transformation of coordinates
perpendicular to the motion must be simply:

yi=y
zi=z
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Sonar cloc ) Resting
- NNy fish
SR, Stationary su_ Ry rraraada
9 & 2
ct= a |l +I78: 2lc :2Ig2

CC- Vv c+vT 2.4?2
Relative speefc-v)
1))y fish

oot
Relative speec+ V)

Swimming

ti=7(Ct)2C- (Wi =t/g li=%

Figure 2.17: Length Contraction: The true wave propagation time for the cemoving sub and fish is
longer than for the stationary sub and fish by the facton/(l- vz/cg). Since the moving clock runs

slow, the perceived propagation time is longer only by the factcg/,ll- vz/cs2 . Hence the stationary
sub observes a shorter length than the moving sub.

Now suppose that the first sub and fish are moving relative to the second sub parallel to the
direction of wave propagatiofifure 2.17].

As seen by the stationary sub, the frequency of the sonar clock on the first sub is slow
according to Eq. -2 since the measured tintg is proportional to the moving clock frequency
wi times the absolute tinte

Wi = mqfl- v?/c (2-6)

The absolute distance between the fish and sub remains con&ardoatever the relative speed
between the outgoing wave and the target fish-1§ (vhereas the relative speed between the sub
and the incoming wave is£v). Therefore the propagation time is:

? ? 2?
t= + =—

V) 57 2)
s+v) (s V) s v2/c) 27)
Of course the moving sub still uses the relat®r cgti/2. Substituting the temporal relation

ti/t =/1- vz/cs2 yields the relation between lengths:

o — Csty/1- vz/cg _ ?
_I — —

The stationary observer measures a shorter length than the moving observer. This phenomenon is
known as length contraction. Inishcase the moving observer measurement is artificially long

due to the fact that the actual sound velocity relative to the observer is not the same for the
outgoing and incoming directions. Since the wave propagates for a longer time in the direction of
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sower relative motion, the effect is an apparent increase in length relative to a stationary
observer. Again, however, it is important to realize that the wave measurements alone do not
determine which observer is moving.

As noted previously, the origin dhe moving frame corresponds xevt in the stationary
frame. Therefore the coordinate transformation is obtaine® by xj and ?- x- vt:

X- vt
J1- V2/c? (2-9)

which is the Lorentz transformation of position along the direction of motion.
It is customary to use the definitions:

b =v/c

_ 12
g=[-v?/c?) (2-10)
A useful identity is:

9% = tl bz)_l =1+ b%g?

Xi=

(2-11)
Using the above expressions, the Lorentz transformations become:
cti=qct- by
Xi=g- b gt
yi=y
zi=z (2-12)
where subscripts are used to emphasizewhatre discussing sound waves.
The inverse transformations merely change the sigr{af 6 ):
Ct =qcti+ b ¥
X=Ki+ b oti
y=Yi
z=17j (2-13)

Thus we see how Lorentz transformations can be obtained by using sonar or any other type
of wave to measure time and distance. Lorentz invariance is not a property of time amukespace
se Ratter it results from the methods used to measure time and distance. If theveduiened
sailors were to rendezvous to share their data and some vodka, they might conclude after a few
drinks that absolute time and space in moving underwater references feameelated by
Lorentz transformations using the speed of sound in water. After sobering up, however, they
would realize that sonar is not the only way to measure time and distance and that their
measurements are not evidence of anyclassical propers of underwater spadene.

2.2.3. Length and time standards

The sonar clock might seem like an odd sort of clock, but consider the standard definition of
a second, which is 9,192,631,770 periods of the radiation corresponding to the transition between
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the twohyperfine levels of the ground state of the cesium 133 atom [Taylor 1995]. If we regard
the cesium atom as a kind of optical cavity which resonates at the prescribed frequency, then this
is quite similar to our sonar clock.

Consider also that the standalefinition of the meter is the length of the path traveled by
light in vacuum during a time interval ofcl#1/299,792,458 of a second [Taylor 1995]. So we
do in fact equate length with wave propagation time just as our hypothetical sailors do, and the
guantity c is nothing more than a unit conversion factor.

2.2.4. Doppler shift

Thus far we have shown that when waves are used to measure distance and time-the space
time coordinates transform between relatively moving observers accordimgltorentz
transformations. Transformation of other dynamical variables is straightforward.

The phase of a plane wave is given by:

f=k&- m (2-14
This quantity is independent of observer motion. Therefore:
KiGi- mti=k G- ut
For motion along th&-axis we can plug in the inverse transformationsfandt to obtain:
Kixi- witi= kx(g<i+ b gsti)- W(gi+ b 9<i/Cs)
kjyi=kyy
kiZl = kZZ (2_15)

The coefficients ofj must be equal on both sides of the equation, and likewise for the
coefficients ofxj. Therefore:

wi=g w b gsky

Ki = gky - b gy/cg

ki =ky

ki =k; (2-16)
Letting b = v/c, the transformation for arbitrary direction of relative velocity is:

wi = g(w- b@k)

cokj = dlesky- &)

Ki =Kka 2-17)

Hence the spatitemporal frequency components,ck ) transform in the same manner as

the coordinatesc(,x). Quantities whsh transform according to these Lorentz transformations are
cal |l eede 6 f o u s 6-vectdt has threef spatiat components and a temporal component.
Other examples of fowrectors (with respect to light waves) include:

(gc.9v) Four - velocity
(E/ c=gmgc,p= gmov) Energy,momentum
(re,d) Electromagetic chargecurrent
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Note that for light Wave¢k| = w. Hence the frequency and wave vector transformations for
motion parallel tk can be written as:

1- b
wi=g - b)=W,/l+b

kj = gky(L- b)
Ki =k =0

(2-18)

The first of these equations is the relativistic Doppler shift formula for light waves.
The relativistic Doppler shift has a simple interpretation. First, consider the classical Doppler
shifts as shown irFigure 2.18 below.

c ¢ 1 _ctv_c+v
ﬂ(cv]fo(lﬁ] f= 1 [C] fO(]J")B)
fo fo

f=

Figure 2.18 Classical Doppler shifts for moving (approaching) source and detector differ by a factor of
[1+ b][l- b] :1/g2 . This factor is not affected by revershof the velocity direction.

Consider a stationary observ@iin a lighthouse which pulsates with angular frequency
An observerOj moves away from the lighthouse starting= in a speedboat. As a moving

detector,Oj receives a classically Doppishifted frequency ai/(l- b). However,Ojd6 s c | ock
is running slow by the factdyg because the boat is moving. Her@gperceives the incident
wave frequency to be higher by the facgosothat wi =g (Ik b). The stationary observer

would agree with this correct description of events. Note that obg@rv@n measure the speed
of observerOj by measuring the time of flight of radar pulses which reflect ofbpaind back
to O. Successive pulses separated by transmission time intgrwaill be received with delay

time intervalt g =¢1(1+v/c), yieldingv=c(tr - 1)/t 1.
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Figure 2.19 Velocity Measurement: Radar signals sent simultaneously b9 and Oij will also be
received simultaneously after reflection. AlthoughOjés c¢cl ock ticks slowly, th
between radar pulse propagation time and total time elapsed is the same as @rTherefore both O
and Oj measure the same relative velocity.

Conversely, the observé; incorrectly believes that he is stationary and @& moving.
Oi measures the speed of recession of the lighthouse via radar. The true propagation time of the
each pulse is the same as measure@ (seeFigure 2.19 above). The factthadié s cl oc k i s
running slowly reduces all of his measured times by the faégarbut this does not affect the
proportionality between the transmission time interval and the reception time interval. Therefore
Oi see recede with speed

ObserverOj observes the lighthouse light fluctuate with frequengy g(l- b). This
formula accounts for slowing of the movinpck and Doppler shift at the moving (receding)
receiver.Oj presumes the detected frequency to be classically Doppler shifted at the source by a
factor of1/(1+ b). Correcting for this Doppler shift yieldsi(l + &) for the cemovingsource
frequency. Sinc&j thinksthatO6 s c¢cl ock i s s | ow,isagametroducedtoe ct i or
obtain the frequency perceived at the source. This leads to:

w=gwi(1+ b) = mg{af%g
gil- o2 (2-19)

which is of course the inverseequency transformation. Note th@j incorrectly attributes the
Doppler shift to a moving source rather than a moving detector, resulting in an erroneous factor
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of (1+ b)1- b) :]/g2 . However, this mistake is exactly compensated by the facGhat
incorrectly believesth&@®6 s c |l ock i s r unnl/gwipeninlfaotwie unningy t he f
faster by the factog. Ojmistakenly multiplies byy when he should have divided by gamma to

correct for the different clock rates (an erroneous fact@zc)f The erroneous factors glz and

]/ g2 cancel andOj correctly deduces the frequenayfor the stationary source @ This
cancellatiorof errors renders impossible the determination of motion relative to the medium
which carries the wave. It is the crux of special relativity.

If the relative motion is not along the line of separation then the Doppler shifts are dependent
on angle. Nonethess, one can correct for this angular dependence to determine thenhead
Doppler shift consistent with the analysis above.

2.3.Matter waves and light

Al't i s better to |Iight one small candl e t han
( : )
0 Confucius ( )

One limitation of the above discussion is that sound waves in water are too simple to serve as
a model of matter. The sonar clock had to be oriented perpendicular to the direction of motion so
that its apparent length was independent of velocity. Angihaslem is that sound waves are
scalar waves, described by a single number (e.g. pressure) at each point. A more interesting
medium to consider is an elastic solid, which can support shear waves whose amplitude
(displacement or rotation) can have multiglemponents. Waves which include significant
rotations are especially of interest because this allows for intrinsic, or spin, angular momentum in
addition to the orbital angular momentum associated with propagation of the wave.

The above results show that the equations of special relativity are applicable to a wide variety
of wave phenomena. The Lorentz transformations relate wave measurements made in different
frames of reference. It is wdthown (and easily verified) that amave equation of the form:

ép? 2
e—:uz - CZDZ+M2gf =0
et 4 (2-20)

with invariant scalaM is invariant under Lorentz transformations with wave spedd other
words Lorentz invariance is a general property of waves and not specific to electromagnetic
waves.

Now we are in a position to appreciate what is special about light. Ordinarily we do not
measure distances and times by propagating waves back and forth. lustem# material
clocks and rulers. The amazing thing about material clocks and rulers is that the resulting
distance and time measurements transform with exactly the same Lorentz transformations as
would be obtained if the measurements had been madeobggating light waves. In other
words, matter behaves as if it consists of waves which propagate at the speed of light. Since
matter can appear to be stationary, we must suppose that the waves somehow propagate in cyclic
paths in the 0esa®tommdnly@feredto & sotitbn wavasy
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Historically, the equations of relativity were derived from the observation that absolute
motion is undeterminable. Einstein reformulated relativity on the basis that the speed of light is
independent of obsegr motion. Yet now we have a simpler alternative postulate for special
relativity: matter consists of waves which propagate at the speed aof Tigist physical picture
suggests that matter and amatter can annihilate into photons ande versabecaus photons
and matter are simply different packets of the same type of wave. We will see that our new
hypothesis is also consistent with the Dirac equation for the electron, in which the velocity
operator has eigenvalues of magnited@&lass is associateditv a reduction in group velocity
which may be attributed to rotation of the wave propagation direction.

With respect to aethalrift experiments such as performed by Michelson and Morley, it is
clear that if matter waves have the same speed as lightswavehen any effect
propagation through the vacuum would equally affect the light waves and the apparatus used to
measure them. It has long been recognized that Lorentz invariance of matter is required to
explain the null result of such experimgnWhat has not been generally recognized (though
there are numerous exceptions) is that the wave nature of matter provides the basis for relativity
and is entirely consistent with classical notions of absolute space and time.

2.3.1. Soliton waves

Let ¢ represeh the characteristic speed of transverse waves in an elastic medium. The
eqguation of evolution of the wave amplitualg,t) is:

2.0 — 20924 11 ¢ 3
pra=cba- uDE+w?s & (2-21)

Assume that the convection and rotation terms reduce to a constant coeffi@esbdhat
each component satisfies:

Ha| 22
8 oo

It is common to use Fourier decompositsmthat the wave equation can be written as:

whereAi(k,w) is the Fourier transform of the wave amplitidéx,t). The wavegroup velocityu
is given by:

- 2 2
_dw_k o _(w-m2)?

dk w w (2-23)

Solving fork = t/lz(k)u/c2 yields:

o ~]/2
a uld"'M M
k= % 20 2YTIzv
* (2-24)

where we have used the féiar definition of g to obtain the expression on the right.
Substitution into the wave equation yields:
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¢ u?9
w=Mé+g®—u =gM
e °H
(2-29)
If we defineM 1 rrbcz/> then we obtain the quantum mechanical relations:
>k = grpu
S = g‘no(;2 (2-26)

oo - oL ot bt g o

2.3.2. Energy and momentum

A special property of electron waves, which will be discussed in Chapter 3, is that the
energy is proportiacal to frequency E =>w) and momentum is proportional to the wave vector

(p =>k). Classically, the quantity must represent the integrated wave amplitude. We assume

that all matter waves have similar proportionalities, though perhaps with different integrated
wave amplitudes. Using these substitutions yields in the above equatitssthie relativistic
relations:

P =gmpu
E= gn002 (2-27)
E2 = p202 + m§c4

This last equation, given the first two, merely expresses the tautology:

2

c2 :u2+(cz- u2)2u2 +C_2
g (2-28)

V= -
ch_vz

Figure 2.20 This is the Pythagorean relation for a right triangle with sides (cy, V 02 - V2 ).
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The hypotenuse, which corresponds to energy, indicatkat the disturbance moves with
speedc. The velocityv corresponds to momentum and indicates propagation in the direction of

the wave vector. The veIocithZ- V2 corresponds to mass and indicates propagation
perpendicular to the wave vector (or at least independently from the wave vector: the
Pythagorean relation also holds, on average, for cycloidal motion, e.g.

U = %A Un cosq+ﬁ|(uA sinq+u”) with u; =v and |u| =c). Since the propagation associated
with mass does not yield any net transport of the disturbance, it must be at least approximately
periodic, and the simplest assumption is circular motion. The general propagation of the wave

would then be helical or cymidal (or in between). Hestenes [1990] has also proposed helical
motion of elementary particles.

Multiplying each side of the above velocity triangle lmynyc yields the energy
momentum relations.

Energy
Momentum (E=ymc?)

(pc=ymcv) E? = m2c* + p2c?

Rest Mass (moc--\.."""cz —v? = m002 )

Figure 2.21 Triangular relationship between rest mass, momentum, and energy.

If the stationary frequency of an elementary particle is really associated with circular motion
then we can compute the radius of the motion. For electrons we have:

R; =— =——=38616° 10 Yem (2-29)

Note that this quantity is different from the Bohr radiug, (=>2/ rrbe2 =52918° 10" cm)

which is the classical radius of the electron orbit in the grataid of the hydrogen atom. The
ratio between these two distances is called the fine structure constant:
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The definitions ofE and p; lead directly to the equation of motidnE = wp; in the Fourier

domain. In the spatial domain this is thexsdical relationship between kinetic energy and
momentum:

HE _ W
Mt (2-30)

2.3.3. Transformation of velocity

The expression for group velocitgn be combined with the transformation laws for frequency
and wave vector to work out the transformation properties of the velocity. For relative motion
parallel to the velocity only the componéeqtis affected:

_Loki L K-bgvc  1-bcu_ u-bc _ u-v
=c*1l=¢ =c = =
Wi g wb gk c/u- b 1- bu/c 1- uv/c2

Ui
(2-3))
This is the transformation law for velocity parallel to the direction @itinet motion. For relative
motion perpendicular to the velocity the only change is:to

2ki _ ok _u

wm gwg (2-32)

Ui =C

For an arbitrary direction of relativeotionv, we useu; =u (/v to obtain the transformation
laws for components of velocity parallel,) and perpendiculan(. ) to the direction of relative
motion:
2K bge_ p Yoo u-v

g wbhg c?-chl 1- vC"Dl/c2
2 K 2 K Un
c —=C r =

g wblg g{W- bCDm,c] g

UH =C

Uph =

U”' Vv
1- u(")//c2

Un

Up = ”
ai- u@/cz, 233

Uy =

2.3.4. The twin paradox

One supposedly nemtuitive consequence of relativity is that two twins can change their
relaive age through motion. If one twin (The®¥F remains stationary while the other twin
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(Primo=0;j) takes a higtspeed journey through spadben the twin who traveled will return
younger that the twin who stayed home. A more common manifestation of this phenomenon is
that highenergy cosmic ray particles which zoom to earth at relativistic speeds have longer
lifetimes than otherwise identicalow-moving particles. Although the effect of motion on time
may seem almost magical, the explanation is really quite simple.

Consider a clock which counts the number of circular orbits executed by an electron wave.
Any clock made of matter waves will tick a proportionate rate. While the stationary electron
executes a circular path, a moving electron executes a spiral (or cycloidal) path with the same
absolute speed. Since the moving electron travels farther than the stationary electron during
each roation cycle, a moving electron clocki& wit ) will tick more slowly than a stationary
one (t = wt). For a translational velocity of the speed of circulation is:

. — 2 —
Vi = (c2 - vlf)u =c/g (2-34)
and therefore the moving clock ticks more slowtly<(t) by the factor:
% = V_A = V_A = ]/g
Voo € (2-35)

This is equivalent mathematically and similar physically to the derivation above of time dilation
for sound waves in water. Hence the moving Primo will age less than the stationary Theo.

T

Stationary Translatiol Spiral or Cycloid
circulatior dr =vt d=ct= w/(2pr)2 + (vt)2
ds=2m _ 2

Figure 2.22 Time Dilation: Moving matter waves propagate farther than stationary matter waves
during each cycle. Thereforemoving clocks tick more slowly than stationary clocksdg = distance
traveled in one cycle of stationary wave@ = translational distance. The distance formula for the

cycloid is exact only for an integer number of cycles.

We have stated before that wave measurements cannot determine absolute motion
relative to the mediumTherefore Primo should end up younger than Theo even if they are
initially moving with respect to the medium. Suppose that the two twins Primo and Theo are
initially moving together with velocity; in the x direction. A stationary observer sees Primo

slow to a stop at=0, wait for a timet =T;, then accelerate to spe&g to catch up with Theo at
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time t=T; +T, =T. In this case Primo is actually aging more rapidly than Theo at first, but
then ages very slowly while trying to catch up. Note that:

T1 :T(l' V1/V2)

T2 :T(Vl/VZ)

At the time the twins meet up again, Theo has aged fgy since his clock is running slower
than a stationary clock (using; :(1- viz/cz)_]/z). But Primo has aged by} +T,/g, =

T- v /v, +v1/g2v2). The difference in their ages is therefore:

TTheo Piimo —

0% (2-36)
To second order iwcterms, this difference is:

a 1 a a 1 a1
TTheo_ TPrimoo T%- 52" 1+_%- %- __%:Tg 5
2 2c 2 2
o ¢ ¢ ¢ (2-37)
where the inequality arises from the fact thg® v;. More generally, we can try to minimize the
age difference with respect to (for a givenT and v;). The minimization condition is:

dv.g c 0% (2-39)
which yields after a little algebra
va 10_wvy,
VS X
2C 9+ (2'39)

Substitution of this expression into the time difference yields:

vv o]
Theo ano T% 1+ 8
N (2-40)
Since gyVv, ? v4 the inequality can be written as:
a 2. _a
TTheo TPrimo2 T i_ 1+V_1§2 %- _82 0
A (2-41)

since g, 2 1. Hence the twin who moves away and comes back always ages less than the twin
whose motion was constant. This is a simple consequence of the wave nature of matter.
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2.4.Alternative interpretations

AA man may |1 magine things that are fals
understand things that are true, for if the things be false, the

apprehension of them is not understandi
0 Isaac Newton

The reader should be warned that the snnterpretation of relativity presented here is not
generally understood. Since its inception at the dawn of the 20th century, the Principle of
Relativity has been interpreted as a physical law rather than as a purely mathematical
relationship between ape and time measurements. It is believed that geometrical relationships
between measurements accurately represent the geometry of physical space. Such an
interpretation assumes that measurements of distance and time can approach perfection. The
four-dimersional spacgéime which satisfies the principle of relativity is usually referred to as
AMIi nkowski spaceo. According to our point of
measurements made with waves propagating in a Galilean physicatispace

It has lang been recognized that compliance with the Principle of Relativity requires matter
waves to be Lorentz covariant. However the converse logic has been largely ignored. Lorentz
covariance is a property of waves, and the wave nature of matter impliesitipl@of
Relativity for a classical Galilean spatime. Thus although absolute motion cannot be
measured using light and matter waves, there is no reason to presume that absolute motion has
no intrinsic meaning. Indeed, if another type of wave could é&sored (e.g. gravity waves)
then it may be possible to determine absolute motion with respect to the aether. The
interpretation of relativity as a physical property of spime is a philosophical preference
which is in no way justified by evidence.

Spedal relativity is entirely consistent with the ordinary limitations of measurement in a
Euclidean space with absolute time. This simple fact explains why classical models of
disturbances in the aether have historically produced physical equations comsthtéme
Principle of Relativity.
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Chapter 3.  Elastic Waves and Quantum Mechanics

A

n ocean traveler has even more vividl:
e ocean is made of waves than that it
o Arthur S. Eddington

3.1.Introduction

fé we must hang on to the basic ideas o
0 Paul AdrianMaurice Dirac [1989]

The theoretical developments discussed in this book were accompanied by myriad
experimental discoveries, most notably in the laboratories of J. J. Thormwoead.1] and his
student (and later successor at Cambridge) Ernest Ruthefigné B2 . J. J. Thomsonos
of cahiode rays led to his discovery of the electron [1897]. Rutherford [1911, 1914] observed
that beams of alpha particles occasionally scatter at large angles from a thin target. This
observation led him to propose that atoms contain a positively chargedshatkxtremely

small size (of ordeiO" 2 em radius) surrounded by a much larger volume (of ataet cm
radius) of negatively charged electrons. The Rutherford atomic model became the basis for all
future theories of atomic structure.

Figure 3.1 .J. Thomson (18561940) Figure 3.2 Ernest Rutherford (1871-1937)

We have already mentioned the beginnings of quantum theory in the introduction to the
previous chapter. Now we will discuss events which led to the development of a wave equation
for the electron. This synopsis is based largely on Whittaker [1954].

Accordng t o Bohrés atomic model [ Bohr 1913] t
are:
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2.4 4
W:_Zpem:_ em:_Ri (3-1)
h’n? 2522 n?
whereR is called the Rydberg constant ard= h/2p . Radiation is emitted when an electron
drops from a higher energy level (larggrto a lower energy level (smallay, and the frequency
of the radiation is proptional to the difference in energies.

Figure 3.3 Arnold J.W. Sommerfeld (18681951)

William Wilson [1915] and Arnold J. W. Sommerfeld [1915a, 1915b, 1916alrk 3.3]
recognized Bohroés quantization ofenagygul ar mom
quantum numbem) to be a special case of quantization of actgmdqg = h, wheregq; is a
coordinate variable angy is the corresponding momentum. Sommerfeld explained much of the
6fine offrhgtdurog@&n spectr al |l ines by generaliz
including relativistic inertia corrections and a new azimuthal quantum numbke relativistic
correction to the energy levels of hydrogie atoms is:

4 4
e Z
DW = R (3-2)
c?>2  nk(k- 1)

The fine structure constamz,z/c>° 1/137, represents the raticetween the velocity of the first
Bohr orbit and the speed of light [Whittaker 1954, p. 120].

Karl Schwarzchild [1916] and Paus Sophus Epstein [1916] used action quantization to
derive the spectral line shifts for hydrogen in a strong electric field (Stidt). Sommerfeld

[1916b] and Peter Debye [1916] explained the splitting of spectral lines in a strong magnetic
field (Zeeman effect) by using three quantization conditions: enajggagnitude of orbital
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angular momentuml (=k - 1¢ n), and component of angular momentum parallel to the applied
magnetic field ). Note that|m| ¢ | . Quantization of a single component of angular momentum,

termed O6space quantizationdéd, was verified whe
silver atomsnto two discrete components simply by applying a nonuniform magnetic field.
Principal spectral lines of alkali elements (e.g. Na) are doublets which could not be
explained by the aforementioned quantum numbers. Various schemes were proposed to include
an additional angular momentum quantum number which was generally supposed to be
associated with the atomic core. Wolfgang Patidiufe 3.4] disputedthis identification of core

angular momentum in part because it led E)Sadependence in the relativistic energy shifts. He
instead attributed the quantum numpero t he r adi ant el ectron whi ch
nondescribabletwev al uednesso. Paul i [ 1925] also obseryv
guantum numbens, k,j,andmt o a si ngl e el ectron (the O6excl u:
with the noion of electron shells (proposed by Edmund C. Stoner and J. D. Main Smith) which
close when all of the quantum numbers for a given valueaoé filled by electrons.

Ralph Kronig realized that selbtation of the electron with angular momentunp2

would explain theZ4-dependence of the doublet energy shifts, but since his calculation of the

energy levels was off by a factor of two he did not publish his idea. Uhlenbeck andrtiuds

[1925] did publish the idea of electron angular momentury/af but unsuccessfully attempted

to withdraw the paper after realizing the factor of two discrepaficthis time Llewellyn

Hilleth Thomas [1926, 1927] resolved the factor of two discrepancy by publishing a paper which
demonstrated that the (classical) relativistic precession of the electron magnetic moment in the
internal atomic magnetic field, and oenthe splitting of energy levels, had been computed
incorrectly. Hence the el>2whsestablsleed.s pi n angul a

Figure 3.4 Wolfgang Pauli (19001958) Figure 3.5 Werner Heisenberg (19011976)
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Werner Heisenberg [1925Fifure 3.5] proposed that transitions between stationary states
(e.g.mandn) could be represented by an array of elements fg,g) whose amplitude is
related to the likelihood of the transition. Max Born [1925] and Pascual Jordan quickly
developed this idea into a complete formulation of matrix mechanics in which commutation rules
replaced action integrals as the basis of quantizationde-g.pq=i> whereqis a coordinate
andp is the conjugate momentum).

Louis de Broglie [1924] proposed a novel e X p
proposed that matter has a wavelike character with energy proportional to fre@rerey and
momentum proportional to wave vector= >k . The periodic condition for a wave of

wavelength/ propagating in a circular orbit of radius

2o =n/ (3-3)
implies quantization of angular momentum:
p=n> (3-4)

Figure 3.6 Erwin Schrodinger (18871961)

Erwin Schrodinger [1926]Hgure 3.6] subsequently published a differential wave equation
based on de Br ogl i e-lativisti@aparticee of masmin a gotentidV@rt), a non
the energy is given by:
2

E=P v
2m (3-5)

The corresponding differential equation for de Broglie waves is called the Schrédinger equation:

i>%:-

>2
r ?nD y +Vy

(3-6)

where the wave functioyr is a complex scalar. For a Coulomb potentil=- ez/r) this
equation yields mer gy eigenval ues equal t o Bohr 6s er
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interpreted the wave function to be related t
interpretation of y *y as a probability density was soon widely accepted. A probability

conservation equation can be obtained by multiplyiﬁgand adding the complex conjugate:

Lyl 2yl by b 37

The Schrédinger equation has the classical Hamiltonian form (see e.g. Goldstein [1980]):

>%+Hy:0
Ht (3-8)
with-i>y representing Hamiltonds princippal functi

The differential equation corresponding to the relativistic erarggnentum relation
E? = p2c2 + n*tz,c4 is called the KleinGordon equation (or relativistic Schrodinger equation):

2
2Ky _ >202p)2 2 4
=- y tmcy
Ht 2 (3-9)

I nterpretation of this equati onrelagtvisboegudtiormor e d
It does not have the clasdiddamiltonian form with a firsbrder time derivative. The resulting

conservation equation is obtained by multiplyjna and subtracting the complex conjugate:

ufive €.y ’41 ]y
_=- +b b b 0
wimZg w7 C? [V idd

->

(3-10)

The density in this equation (the first square brackets) can have either sign, making it
problematic as an expression for prabgbdensity. Nonetheless the Klei@ordon equation
eventually became accepted as a description of particles with zero spin.

Schr°dinger subsequently demonstrated that
gp- pq=i> follows immediately from the definition of conjugate momenta as derivatives:

qéiig/ - é?_igly :i>y
Paul i [ 1927] mul ti pli ed Sc hconpanenh fpator Gesmedwvaa v e f

spinof) to model the twevalued space quantization due to electron spin. Multiplicative operators
on Pauli spiors are linear combinations of independ2at2 matrices which by convention are:

g0 @0l 0 -ig 4 08
= .= ,= =
® 1 A of F of ® - (3-12)

The last three of these matrices form a vector (i.e. transform as a vector under rotations) and are
called the Pauli matrices.
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Figure 3.7 Paul Dirac (19021984)

Paul Dirac [1928]#igure 3.7] finally derived a valid relativistic wave equation by extending
the wave function to four components and using matrix coefficients. The Dirac wave function
has four complex components which can be written as:

%18

_a¥ 20

y = o=V

R

Such a wave function is called a Dirac spinor or bispinor. A Dirac spinor can be decomposed
whi ch

Y2 Va3 ,1/4]T

into left- and righthanded Pauls pi nor s
equation describing an electron in an electromagnetic potential is:

M
i>—y =
ut

-i>xca @y + bmcYy +(eF - ea )y

where U and b are the matrices:
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Dirac also demonstrated that quantum mechanical equations could describe multiple particles
by introducing a new wave function whose integrated square magisttalen to be the
number of particles. This procedure is called
Dirac developed this method for bosons by assuming the scalar ampligiyjes yarious states

(k) to be operators which satisfy the commutation relaaga(*- akAa1 =dy - The produciafak

then has nomegative integer eigenvalues and represents the number of particles in each state.
Jordan and Eugene Wigner [1928] adapted this idea to fermions by using-emnamtitation

relation aka|A+ a’kAa| = dj. In this case the produalfak has eigenvalues of zero and one,

consistenwi t h Paul i 6s exclusion principle.

Diracd6s research | ed him to believe in the e
guestion in light of preseqttay knowledge, one finds that the aether is no longer ruled out by
relativity, and good reasonscannbve advanced for postul ating an
His rationale was that an aether velocity was required for setting up a Hamiltonian formulation
of the action principle.

Diracds equation remains the f ouadard Badelofn f or
particle physics fiasserts that the materi al [
interacting through fields, of which they are the sources. The particles associated with the
interaction fields ar e obddg98].nThe.wave furttionstaien gh am a
regarded as dimensionless quantities whose magnitude at any point represents a probability
density for the presence of one or more particles. Some efforts were made to formulate a
classical interpretation of the wave fuioct (notably by de Broglie [1928] and David Bohm
[1952], see e.g. Goldstein [2002]) but none was successful in the 20th century.

The mathematical and geometrical properties of spinors were first studied by the
mathematician Elie Cartan in 1913 (see e.qdi [1999] for a mathematical analysis of
spinors). The algebra of spinors is closely related to that of quaternions, which were invented by
Sir William R. Hamilton around 1843 as a generalization of complex numbers to higher
dimension. Quaternions conisid four real components. They can in fact be written in matrix
form with basis vectork s, sy, ands ;.

Spinors have historically been regarded by mathematicians as operators (linear
representations of rotation groups) and by phstsi@as abstract quantities with no classical
interpretation. However, David Hestenes [1967] developed a-$ipaeealgebra which provides
a geometrical interpretation of the Dirac equation. The wave function describes a generalized
Lorentz rotation (spadl rotation and velocity boost) in addition to an amplitude and one
additional parameter which appears to transform between matter amnobieti.

There have been successful attempts to reformulate the Dirac theory in terms of relations
betweerlocal physical observables [Takabayashi 1957, Hestenes 1973]. The Dirac equation
uniquely determines the evolution of local dynamical quantities such as angular momentum
density, linear momentum density, and energy density. In other words the Diracrediatio
deterministic with respect to dynamical quantities.

In this chapter we will derive a Dirac equation to describe rotational waves in an elastic solid.
We wi | | regard oOparticlesd as soliton solutio
elemenary particles from this model.
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3.2.Torsion Waves

..there are circumstances in which mathematics will produce results which no one has really
been able to understand in any direct fashion. An example is the Dirac equation, which appears
in a very simple anddautiful form, but whose consequences are hard to understand.

0 Richard P. Feynman, Robert B. Leighton, and Matthew Sands [1963a]

Quantum theory developed from an initial classical picture of matter as particles. Yet we
have seen that special relativisya natural consequence of the wave nature of matter. Therefore
the classical theory which corresponds to quantum mechanics must be a wave theory. One
historical dilemma of quantum wave theory is the lack of an obvious physical interpretation of
the wave mplitudes. Max Born suggested that the wave intensity be interpreted as a probability
density, but he emphasized that "...the probability itself is propagated in accordance with the law
of causality” [Born 1926]. While there is no doubt that the quantuwe ftanctions can predict
the likelihood of experimental results, their evolution indicates causal rather than stochastic
interactions.

Actually, the dynamical interpretation of the wave functions can be resolved by simple
dimensional analysis. In terms Bfrac spinors, the-component of spin angular momentum
density s, is:

e g
[S e_u_ )/

where y is the 4component complexvave function with[y|2 :|y1|2 +Lv2|2 +|y3|2 +[y4|2
and s , is thez-component spin angular momentum matrix:

a1 0 0 0§
e O
s & -1 0 O0p
© % 0 1 OE
;;% 0 0 -1t (3-17)

The leading factor in Eq.-B6 is simply a constant which establishes units.

Construction of a classical wave theory of matter must therefore begin with waves
carrying angular momentum. Classically, angatementum is associated with rotations of
inertial bodies. Waves of angular momentum require not only inertia but also torque which
resists rotations. Generation of torque in response to local rotations implies elasticity. Therefore
the classical model ohatter waves consists of rotations in an elastic solid (torsion or shear
waves). We already know that the elastic solid was the basis for classical wave theories of light,
so we can proceed with some confidence.

First consider torsion in one dimensiong¢lsas on a torsion wave machine or a stretched
out rubber bandHigure 3.8]. A torsion wave machine has at least one intriguing parallel with
particle physics. If one rotates a single rod near the center of the wire, ahagted twist
propagates in one direction and a-ledfinded twist propagates in the other direction, analogous
to the production of particles and aptrticles. In every known physil process, antnatter
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behaves like a mirror image of matter. Another interesting propertyDofdtations is that there
is a natural distinction between rotations of odd and even multiplgs, ainalogous to the
distinction between odd (fermions) and even (bosons) multiples of the unit angular momentum

>/2. The notion that torsion should be associated with matter is in fact widely accepted [Kleinert

1989].Therefore there is reason to believe that a mathematicakignafytorsion waves might
provide some clues to the interpretation of quantum mechanics. This analogy was explored by
Close [2002].

Right-handed Left-handed

Figure 3.8 Rotation of a single bar on a torsion wave machine results in mirresymmetric waves
propagating in opposite directions. This is a onglimensional analogue of production of particles and anti
particles. Matter and anti-matter are similarly produced in pairs, and behave physically as mirror images of
one another.

If the moment of inertia per unit lengthlisand the torsion spring constant of the wire (or
rubber band) i, then the wave equation is given by:

Q) _ 1Q(zt)
2 2
ut Lz (3-18)

where Q(z,t) is the orientation at axial positionand timet. The wave speed is given by
c=K/I.

As with displacement waves, a unique frequency and wavelength cannot be defined for
torsion waves unless many cycles are produced in succession. If one end of the wave machine is
rotated at a constant rate, the torsion waves propagate along the machine with uniform
wavelength/ =c/w. Each rod along the machine rotates with the constant driving frequency

The angular momentum per unit lengtis therefore? = 1w = Ick = IcpQ/pz. The angular

momentum is therefore proportional to the spatial derivative of the angle. The angular
momentum of a twist from 0 tQ, can be obtained by integrating over angle:

2Q=Qo) 2(Q=Qo) Q
f i Id—de: ﬁlé OI—de: r;)chQ:IcQO

LO=
Aq=0) dt  q=0) dZ o (3-19)

Thus we see that the total angular momentum of a twist is proportional to the rotation angle and
independent of frequency.
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A twist propagating with constant wavelength has no torque, so the kinetic and potential
energies remain constant as the wave propagates. The kinetic energy per unit Ieméchis

and the potential energy per unit Iength—zrsK(uQ/pz)2 =2p2K//2 = 1WA 2. Integration

from O to Qg Yyields for the total energy:

2(Q=Qy) 2(Q=Qo) Qo
e= § Iw{d—de: ﬁlcw{d—Q dz= glewdQ = lewQq = Low
AQ=0) 1dtl  zq=0) 1dZ] o (3-20)

The wave energig equal to the wave angular momentum times the angular frequency. This
is analogous to the energy quantunper. At this point we make the identifications:

| :ﬂ
cQp
K =c?l = ¢
Qo (3-21)

so that the wave equation is simply:
wQ(zt) _ 2 wQ(zt)
ut uz® (3-22)

Incidentally, although we have been describing torsion waves along a thin wire, the equation is
valid for torsion waves in a thick cylindrical rod (see e.g. Feynman et al. [1963b]).

The case of a thin elastic rod has beedistd by Matsutani and Tsuru [1992], who
interpreted nonlinear waves as fermions. We will also arrive at a fermionic interpretation of
nonlinear waves when we study an infinit® 2lastic solid below.

Now we will take a look at the classical wave equatio see if it can be applied to the
study of matter. We will start with ordimensional waves as above, then generalize to three
dimensional scalar and vector waves.

3.3.0ne-Dimensional Scalar Waves

"I have deep faith that the principle of the universe walbeautiful and simple."
0 Albert Einstein
Consider a scalar quantitg)(which satisfies a wave equation with wave spegd(one
spatial dimensionz:

ufa=c’usa (3-23)
This equation can be factored:

[+, Jlw - cu,Ja=0 (3-24)
The general solution is a superposition of forwaagd)(and backwarddg ) propagating waves:

a(zt)=ap(z- ct)+ag(z+ct) (3-25
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This form of the solution to the oftkmensional wavequation can be found in any elementary
textbook on waves. We can write the equations for forward and backward waves in matrix form:

e a1 0g  @a(z-ct)p

B P Belerel?

(3-26)
The spatial derivatives are related to the temporal derivatives:
o fa.(z- ct)f):u % a.(z- ct)g:_él 0 gJ aa.(z- ct)g
B c)l " E (2+c) 8RB (24 ) 327

Let #* wa andaij! p,a. We now define a wave function in terms of the time derivatives:
L ééﬂ‘F(z- ct)c”)
gats (2 + ct) (3-29)

The wave equation for the forward and backward waves is how:

Y

e & 0g o _ &d(z-ct)o  dap(z-ct)a_
g'lt+é% _1§:HZHY _ut(i;%a(Z'FCt)g CUZE;%B(Z_'_C':)@—O

We have now reduced the secarder wave equation to a firetder matrix equation.

(3-29)

3.3.1. Spinors and Bispinors

If we regard the-axis as one of three orthogonal axes, then the two independent components
# and & differ by a 180 degree rotation. This is the definitive property of independent states

in spin onehalf systems. Unfortunately, this property isetaphasized (or even unrecognized)

in the physics literature in favor of the more exotic property that complex spinors change sign
upon 360 degree rotation. This latter property does not applysicahobservables which are
computed from bilinear products of spinors. However, the separation of independent states by
180 degrees does apply to wave velocity, implying that solutions of the wave equation generally
form spin onehalf systems. Note thanlike positive and negative scalars or vector components
(which can also be expressed as bilinear products of spinors), waves with positive and negative
velocity are not related by a multiplicative factor of minus one. The forward and backward
waves areridependent stateBifjure3.9]. The mathematical basis of this property is that wave
velocity is a property of the functional arguments and is not simply an amplitude.

% < T > &

180°

Figure 3.9 Waves propagating in opposite directions along an axis comprise independent
states separated by a 18Qotation. This is the basis of halinteger spin.
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The rdationship between waves and spinors can be made explicit as in Close (2002) by
further decomposition into positivaefinite component@f,:+,d¥‘5+,#,:_ &l ) or

(a'p+,ai3+ ,af. ,aB. ) representing positive (+) or negative ¢€ontributions to the wave
derivatives:

do)=%,(o- - 4. (o- i o t) 4 2+l 630
and

cai(zt) =cag, (z- ct)- ag. (z- ct)+ap, (z+ct)- ap. (z+ct)]

=-d, (z- ct)+ & (z- ct)+db. (z+ct)- & (z+ct) (3-31)

From here on the functional arguments will not be written explicitly. Note that the pesitive
definite components may have discontinuous derivatives where the original signed quantities
pass continuously through zero. For example, to make the tinvatilexs continuous requires
matching conditions fai#:

Mty g 0= W[y g <
uzai:+|,#F+ =#- =0 =- Hai:- |,#F+ =d-_ =0

(3-32)

Similar relations hold for the backward wave components. Such discontinuities do not affect
the validity of the first order egions. However, higher derivatives may be undefined at some
points.

Since each component has a unique sign, we can exgaeskaj in spinorial form with the
onedimensional wave functiop,, ( t h e s u beters to th@ velociiy\axis):

2 10 AT 3
Miga o 0 oghig
2659 -1 0 009%#]/2
&= B J/sy
S20® o0 1 0% 120" VvS K%
g%g_gg 0 0 -1;7”_9
2 10 T,
0400 ogag
it o OBl
@0 D 0 -1 03%38 o
g%é/?gé% 0 0 - 12 120 (3-33

where the superscrifitindicates transposition of the column matrix and the métrstabulates
the forward and backward velocitieg:(
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8 0 0 o@ﬂgig
Vv _CaQ "1 0 Ocm?o, cb s
yv_% 0 -1 o%g2e v
0 0 1%g#20
¢ - (3-34)

This wave function is a orgimensional bispinor. In one dimension the components of the
bispinor may be taken to be real andifige-definite. Extension to three dimensions requires
complex components.

Changing the order of terms in the wave func
few important points are:

1. The components of the column matrix wave function arearebpositivedefinite.

2. Only one forward component and one backward component can {menooat any given
time and place (for ondimensional waves).

3. The spatidemporal variation of each component must be consistent with its lodattbe
column matrix.

Since some of the components must be zeradednd dg be either zero or one. Then the wave
function is:

vl &0 &7 a) &% ol 535
Using Lorentz boosts, the wave function can be writen

vv=d’exdb 2/2or d [1- ag] [1- /2 (3-36)
This form has two independent continuous parameters and two binary parameters.

The equation of evolutioof the wave components is:

Wy +cb iy, =0 (3-37)

This is the onalimensional Dirac equation. This equation can be interpreted as a convective
derivatve with two opposite velocities represented by the matrod s

The relation between one dimensional bispinor equations and scalar wave equations is
summarized ifmable 3-1.

85



Table 3-1 Corresponding Bispinor and Scalar Wave Equations in One Dimension

Bispinor Equation Scalar Equation
wlos yv]+cpZL/bev =0 Wa- c’pa =0
wh v el To syl =0 wiael sl iar - cias| =0
wly T6 w |+ anly Ts x] =0 w[- cuzal+au,fwal =0
y :J/Jb s )V]"'CUZL/\-/I—J/V =0 Che M2 |- Chy|Map| +Cl,|iae |+ oyl ag| =0

3.3.2. Wave Velocity

The mean velocity of the wave is proportional to the ratio between the difference and sum
of the forward and backward components [Close 2002]:

_olE- | yub sy

e Ty, (3-39)
Since|d#: | and |#g| are positivedefinite, we can define them by the relation:
#| = & expla)
| = & expl- a) (3-39)
so that our definition of velocity is:

_ Hexa)-dexl-a)

% expla)+ #exp- a) (3-40)

If we start from a zerwelocity state withd:| =|#;| = 4, then we can change the velocity
using the éLorg/Q{Bxp(bsa;Z)Zﬁ/\t,)f) operator (
- [y\T exp(b 53/2)] cb dexp(b sa/ 2)J/v] exda) exp- a) _ ctanha
L/I explb =/ 2)] [exp(b sa/2) ] exp(a )+exl- a)
Note that successive boosts preserve the form of the operator:
exp(b $2/2)exp(b &11/2) = exp(b s[al +az]/2) (3-42)

This property enables us to recover the relativegigation for addition of parallel velocities:

(3-41)
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v; =ctanha,

Vv, =ctanha,

tanha, +tanha, _ v;+v,

1+ tanha, tanha, - 1+wV, / c? (3-43)

v=ctanh(a; +a,)=c

This result is another example of how the laws of special relativity applyassical waves in
ordinary Galilean spaetme, as discussed in Chapter 2.

Using Lorentz boosts, the wave function can be written as:

1 a2 T
Yy = ﬁﬁ%/ exlb /2o dg [L- o] [1- o] (3-44)
This form has two independent continuous parameters and two binary parameters.

3.4.Three Dimensional Scalar Waves

"... in quantum pbnomena one obtains quantum numbers, which are rarely found in mechanics
but occur very frequently in wave phenomena and in all problems dealing with wave motion."
0 Louis de Broglie [1963]

3.4.1. Rotation of Gradient and Velocity
The spatial derivativgl, generalizes in three dimensions to a arbitrary direqgtiprwhere

the index (v) represents an arbitrary direction. Wave velocity is defined to be parallel to the
gradient. Since the matrik s is associated with a particulaxis, it must be one component of a

vector. We can let the matrik = b3 and define the gradient matrix components as:

80 0 1 0§ ;gé)o-ioé 41 0 0 0§
& 0 -0 23] 0
_a® 0 0 15 @ 0 0 -io a® 1 0 05
by = o b, = o b= o)
%0008 d 0 0 04 %0-1 08
_ = o _1¢

® 10 02 g%. 0 089 ® o0 0 -1° (3-45)

The symbol (|~) represents a unit pseudoscalar imaginary wiscbdd (changes sign) with
respect to spatial inversion. This property is necessary because velocity is a polar vector and:

We must now allow the wave function to have complex components. These matrices have
commutation relationequivalent to the Pauli matrices:

An elegant way to write these commutation relations is:

where;
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b,; =26y + by

.i..
b|3 b] = - E[blbj - bjb|]
(3-49)

Hence we can regard these matrices as basis vectors whose commutation relations express their
relative orientation. This idea is the basis for the mathematical figjdarhetric algebraNotice

that the unit imaginary now has a geonwetr interpretation as the product of three orthogonal

unit vectors (i.e. an oriented unit volume):

Bubybs = by|by Gy +T b2 ba]=T by by b3] =T (3-50)

The rotation operators fdinis space have the form:
ij (Zi )ZEXF(- TbiZi /Z)bj ex;{? bizi /2): b] COSZi - I_Z[blbj - b] bi sinzi (3-51)
which can be written in vector form:
Ri@)=expl- 75,2 /2bexdi b,2/2)=bcosz +[p, 2 bJsinz (3-52)

To include rotations, the ordimensional derivativecuva:-biWV must be modified to
include orientation. This orientation is computed relative toxth@xis. Using the definitions:
b, = |exd- To@/2)byexdibG/2)
3% =exp(- Tb(ﬁ/z)/v
yAr=ylexdina)/2) (3-53)
The wave function now has complex components. The rotation operator
R:(vv) :exp(- i b@/z)/\, applied to the ondimensional wave function inverts the rotation of

the basis vectors so that the derivative can be evaluated using ttienemsional reavalued
matrix b3 and wave functiory ,, .
The spatial derivative is:

ca=-y by, =-y" by (3-54)

Since the beta matrices are mutually orthogonal, the compongnﬁwf perpendicular to
X, must be zero. Therefore the three dimensional gradient is:

cPa=-&y by, =-y by (3-55)
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3.4.2. Successive Rotations

Successive rotations can be performed using either fixed axes or embedded axes. The
result of successiveotations about fixed axes depends on the order in which the rotations are
taken. For example, successive rotationg a2 about thex; - and x,-axes movee; to either

- e, or +e, depending on the order. Hence:

exp{- i bop)/ 41exp{- ibp/ 4)b3 exp{T bip/4/ 2)]exr.(T bop/ 4) =-b,
exp{- i bp/ 4Xex;{- i bop/ 4)03 exp(i' bop/ 4)]exp{i~ bip/4/ 2) =bh (3-56)

Here the expression inside the square brackets is evaluated first, followed by applying the
rotation operator outside the square brackets. If we interpret these rotation operators as acting on

spinors then the order appears to be backward. The expresm()ﬁblp/4/2)exp(f bzp/4)/
represents spinor tation of - p/2 about thex, -axis followed by rotation about the, -axis.

3.4.3. Euler Angles

We can put the operations back in order if we consider the second rotation operator to
have been rotated along with the wave function by tisedne:

Ri(0,) = R(01)R(0,)R 1(0,) = exp- Tba@,/2)exd- Tba,/2)exdi b, /2) (357)
Two successive rotations yields:
Ri(U)R01) = [RORU)R (01RO =exeli b /2)exdT . /2) (359)

Axes which are rotated along with the spinors are called embedded axes. Rotation angles which
refer to embedded axes are calader anglesWe use primes to denote rotations about
embedded axes.

The Euler rotation opetar Ri(U 2) can be interpreted as follows: First, rotate the spinor
back to its original orientation. Next, rotate the spinor about the fixed axis correspontling to
Finally, rotate again about the embedded axis correspondidg {the original axis now rotated
by U,). The equation states that rotationy = Uj followed by rotation about the fixed axis
U, is equivalent to rotation first by , followed by rotation byJj about the embeddelgi
axis. In the above example, rotation b2 aboutx followed by p/2aboutz (or yi) is
equivalent to rotation by/2 aboutz followed by p/2abouty (or Xi).

The angular derivative of the wave function is:

HeV =Hg [ex;{- TbCﬁ]/Z)yv]z- Tex;{- Tbﬁﬁ/z)%yv =- Tgexp(- TbCﬁ]/Z)gexp(Tb@]/Z)ﬁ/ 359
It is customary in quantum mechanics to define the angular derivative to be:
Mgy =- Tgy
(3-60)
This relation is only valid if the anglei is measured with respect to the embedded axes.
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Accumulated rotations can be computed from successive rotations about embedded axes.
Given arotationrated ( t ) wi t Imbeddedapes,the actumulated rotation operator is:

R(t) R(U| exdl bGU|/2) exdl rﬂtb®V|/2) (3-61)

3.4.4. Examples

Let us verify thisexpression with explicit examples. First, we compute the general
expression for rotation about two successive embedded axes: Rotate bgfiaagleut an axis
xj, followed by dj, about xj. The rotation operator is:

R{t)=R(Ui(t)) = exdi~ bbqg / 2)exp(i~ b,qi/ 2)

=§cos—+ i bbsm ICECOS_+ i b, sinfA?

24
—cos%cos% bbbasm—sm— +i 8b cos—sm— + bbsm% os%gj

(3-62)

Recall thatb, b, = b, O, + i~1)a 3 by, . We consider two sp&t cases. First, iffy and dj, are
parallel then:

RO(t)) =cos® cos?: - sin® d +|b os™ sin % +5|nq cosq—{jJ
2 2 § 210
—COS%MT%po smgeda%g
(;; - (;; -

(3-63)

which is obviously correct since parallel angles are additive. Next consider two perpendicular
axes withby by =1 b :

R(Oi(t)) = cosB cos?d 4 i~bcsm—sm— +i Sb cos—sm— + bysin® osﬁﬁ
2 2 21 n
(3-64)
For the special case where both anglesgthis yields:
R(Oi(t)) = cos2£ + TbcsinZB + Tgbacosgsing + by, singcosngj
:l w_coép/?)) b +bb |n(p/3)
2 2 \/— (3-65)

This corresponds ta rotation operator foRp/3 radians about the ax[Eval +¥ + E;]/\/é
The validity of this result can be verified by picturing an equilateral triangle with corners on each
axis equidistant from the origin. Clearly rotation By/3 about the center of the triangle merely
permutes the positions of the axes, which is of course what happens when rotatjizg by
around successive orthogonal axes. Note also that the symmetry of the final result implies that:

90



exp(T by p/ 4)exp(i~ by p/ 4) = exp(T b,p/ 4)exp(T by p/ 4)
= exp(i~ by p/ 4)exp(i~ b, p/ 4)

(x followed by vyi, y followed by zi, zfollowed by Xj) which is consistent with our explanation
of the secondary rotation operator above.

(3-66)

3.4.5. Wave Function

In three dimensions the gradient can be defined as-diovensional derivativeotated by
angles to a new axisk. Let:

b, 1 exp(— i~bC"¢/2)b3 exr{?b@/Z)
ytexp- Tbay/2), (3-67)

Rotation by angles is denotedR; and defined relative to a default orientation alongxhe
axis. The theedimensional gradient is:

6. pall_ - ,
Da=&1ﬁ£u=-@/icbyv =-cy by
|

y (3-69)
Writing a column matrix as the transpose of a row matrix, the rotated wave fupctien
y =& exr{— Tb@/z)exp(bgs a2 oy [1- o] [1- &) /V2 (3-69)

However, in three dimensions the constant column matrix which repragents states
may have nonzero velocity perpendiculaxfoThis is indeed the case for

vo=f 0 1 0/V2andyo=[0 1 0 1"/v2.The remaining states with zero velocity
are obtained by rotatioof velocity from:

vo=[ 0 0 1/¥2 (3-70)

This state has zero time derivative but nonzero gradient. When Lorentz boosts are applied both
the time dévative and velocity can be narero. The final form of the wave function is thus:

y =#2exd- Tb@/2)exdbys a/2y g (3-71)

This is the generdbrm of the scalar wave function. The constant matrix is multiplied by
factors representing an amplitude,-B Yelocity boost, and a general rotation in velocity space
(two angles to determine velocity direction plus rotation about the velocity axigylyCiigur
parameters are needed to determup@ and Da. The significance forotation about the velocity

axis will be discussed below.

3.4.6. First-Order Wave Equation
The time derivative of (B7) yields the firstorder equation:
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“ty =- exd- TbQ/Z)ptGOIZ—byV +eXF{_ TbQ/Z)ltyv (3'72)

Here we can see the effect of rotation about the velocity axis. Rotation of timardftside
involves only direct rotation of the wawvenction, but rotation of the rightand side also
involves rotation of the angular frequengys. Rotation about the velocity (or gradient) axis can

change the digion of this angular frequency. This is the significance of the fifth parameter in
the factorization above.

Inverting the rotation factor yields the edeamensional wave function, which satisfies the
onedimensional wave equation:

[ +CchysED] lexp(i~ b&/ 2)/ J =0

(3-73
Derivatives of the exponential factors are:
" exp(ib@/z)zi—zexp(Tb@/z)rlt[b@]
o i s i}
Pexpib@/2)=—expi b@/2P|b @
Hib @/2) =L exdi b &/2lp @] .

Substitutings 4exp(i b (/2)E = exd|i b &/2)sb @ into (379 yields:

i} q & ipo
Wy tcsbh®@y =- yad?by - csb@)éadz—bfy
€ u (3-75

This equation states that the convective derivative is nonzero only due to (convective) rotation of
velocity direction.

The egation of evolution of the scalar wave amplitude is obtained by muItipMiﬁg and
adding the adjoint:
y ~ ~ A
A é " . .ib
ut[vAs y]=‘|- cshb@®y - EG'—lby - cstDQGI—byu sy
i M 2 2 y
y 6 . 4 . b G
+yfsi-csb®y - %Gl—by - cstDeG'—byu
i M 2 2 y
=- 8) by +ps3 G]C'[;/Aby] (3-76)
In terms of the scalar polarization, this equation is:
wa=c’P?a- c’[D3 g|da (3-77

The relations between rotation angles and velocity unit vectors are:
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ne=&° &

D@=-&(p: &)

D e=§[P&]- [& DIE

[ps & =02 [& ®[& ®]=[& > D& * D] (3-78)
So that the above equation is indeed equivalent to theiorensional wave equation:
wa=c’& @& ®la (3-79)
If we want to obtain the conventional 3D scalar wave equation:

n2a=c’p?%a (3-80)
Then the simplest correspondingstiorder equation is:

Wy +csb®y =0 (3-81

3.5.Vector Waves
"Quantum mechanics is certainly imposing. But an inner voice
tells me thatt is not yet the real thing. The theory says a lot, but
does not really bring us any closer to the secret of the "Old One."
I, at any rate, am convinced that He is not playing at dice. Waves
in threedimensional space whose velocity is regulated by patent
energy (for example, rubber bands)". . .
- Albert Einstein, 1926 [Einstein and Born 2005]

Next we consider vector waves (polar or axial vectors). An arbitrary polarizegtor can
be described by a scalar amplitude and three rotation angles. Since scalar waves require five
parameters, we expect vector waves to require eight parameters. As with velocity rotations, only
two angles are necessary to determine the directipolafization, but a third angle is necessary
for a local description of changes in the polarization direction.

3.5.1. Rotation of Polarization

Recall that the scalar polarizationds= Ts y. We now regard this as one component of a

vector: & :yngy . The vectomr could be polar or axial, but we will assume an axial vector
(pseudovector). Théatee orthogonal polarization matrices are:

80 1 0 05 & -i 0 00 4 0 0 0§

2] 0 & 0 ® 0
s:aéoooqs:anOOqs:a@-looQ
13%001522)00-"838%010§

- v ) _ 1€
é% 0 1 02 ®» o i o0f é% 0 0 -1? (3-82)

The symbol () is a unit scalar imaginary which is even under spatial inversion since the spin is
a pseudovector.
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These matrices have the same commutation relations as the Pauli matrices:

5555, =24 . SiS| 7551 =265, (3-83

The rotation operators for this space are similar to the velocity matrix rotationasperat

Rs, (%) =exdl- Tsix /2)sj exp(i_sixi/z)zsj cosX; - iz[sisj - 5;5]sinx,

(3-89
We could simply generalize the wave function to be:
y =#2exd- 70 C}/Z)exr{— ib C"E/Z)exp(b3s a2y, (3-89
We might then attempt the interpretation:
WS =-y Ablsjy (3-86)

However, there are nine tensor components (plus three components of the time derivative) and
only eight independent components of the bispinor. Therefore this interpretation is not
satisfactory unless additionabnstraints are imposed.

Instead, we will assume a single rotation operator for both wave velocity and polarization.
Since the onelimensional velocity is/ = cb3s 3, the threedimensional velocity for vector

waves isv =cbsl . The b matriceswhich described velocity for scalar waves now represent
directions relative to velocity, witlb; representing the parallel direction. This notation is called

t hehifral representationo of velocity.
Alternatively, we could associate any of the matrigesvith velocity by rotating in the
relativevelocity spaceob mat ri ces. Such a rotation is cal/l

form v = cbyli has the form originally used by Dirac, and we will use these matrices for
velocity. Historically, a different notation has been used foibtmeatrices. Instead of

(b1, by, b3), these matrices have been callga,ifgo,go). However, we will continue to call
themb matrices except when comparing with standard results froer bitbrature.

3.5.2. Factorization and First-Order Wave Equation

The threedimensional bispinor wave function may have a Lorentz boost with arbitrary
magnitude and direction, and may also be rotated by an arbitraryxafigjiese operators are
containedn the factorization:

y =& exd- GGy 2)exd b @Y 2y (3-87)

The wave function has seven free parameters: an amplitude, three rotation andgleseand
velocity parameters. There is one additional degree of freedom which determines the definition

of the relative direction®, and b3. These are defined with respect to the velocity axis by the

operatoexp(T b_Lz/Z)yo, so that the wave function is [Hestenes 1967]:

y =&? exp(. i_CIG/Z)edelﬁ c‘b“yz)exp(i~ bz/ 2)/0 (3-89)
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Now we would like to know the equation of evolution of the wave function. @erieg the
scalar wave equation{®3) to include arbitrary gradient direction yields:

My =- CbllcjI CDJ/ (3-89
These terms account for wave propagation in an arbitrary direction.

To see the wave equation in terms of observables, mu}tiﬁlyj and add théranspose
equation to obtain the time derivative of the polarization:

el iy =~ By Ay |- Tclpy s ity +y Ao By | (3-90

The terms in this equation are naturally associatedsgpitiors by the following definitions:
a1l sy |
o al: -auly Ay |
2 H A A
Hpe D24} * - Togy fuy sy - v Pbis iy ) 3.0
These identifications yield the wave equation:
2, — 202
Hra=cDa (3-92)
The interpretation of the spinor wave functions must becesi§istent. For example, the first two identificat

“tbAbJV]’fCDCV‘?W] =0 (3-93)

This relation is easily derived from equatior83.
Also from (389):

“tb 6’]*‘3295@%1&)’ ] =0 (3-94)

This is the quantum mechanical continuity equation. This is the three dimergoeahlization
of the D equation:

e[ |+ e [Heas| + €21l ae |- ¢l ag] =0 (3.95

3.5.3. Convection and Rotation
Adding terms for convection and rotation to the bispinor wave equation yields:
My = - Cblltjl C"Dy - UC"D)/ - WCPJ-uy (3-96)

From the wave factorization we can substitute minus the angular derivative (for passive rotation)
in the final term:

Wy =-chi®dy - udy - i_wc'ﬂy
2 (3-97)
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To see the wave equation in terms of observables, muﬁiﬁiyj and add the transpose equation
to obtain the time derivative of the polarization:

utVfW]L CDLAW]”_C% [WAblskV 'yAblskW] &

- uC'iDL/Aﬁy]+W3 L/AU)/]

(3-99
These identifications yield the equation of a wave propagating in a moving medium:
wa=c’P?%a- ud#+ws & (3-99)
Using equation (®7) now yields different continuity conditions:
“tbAbly]““CzDCB/%y] +“®VW]:0 (3-100
Consistency with our definition of variables requires that:

. A _

uGDL/ b]y] =0 (3-10)

Also from (397):

“tV)’]JfCZDC@AblﬁJ/] +“®Vﬁ/]:0 (3-102)

The continuity equation now includes an additional convection term.
Next, we will interprethe wave polarization.

3.6. Waves in an Elastic Solid

"I am never content until | have constructed a mechanical model of the subject | am studying. If |
succeed in making one, | understand; otherwise | do not."

- William Thomson (Lord Kelvin) 1904 [Baltimoreectures on Molecular Dynamics and The

Wave Theory of Light]

In this section we will analyze rotational, or torsion, waves in an ideal elastic solid. This
section is based on previously published work by the author. The basic ideas were published in
Close[2008] and the full Lagrangian and dynamical operators were published in 20dsk][

3.6.1. Basic Assumptions

We make the following basic assumptions:
1. The elastic solid is characterized by an inertial densitand coefficient of elasticitym,

with characteristic wave speed=./r77r .

2. There is a linear response to variations of orientation adglelative to equilibrium. This
means that an initial static perturbation (with veloo®p) would yield the response:

n20=c?p20 (f u=0) (3-103
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3. The velocity fieldu has no compressiod® i =0. Therefore the velocity may be written as
the curl of a vector field:

- 1lips !
u=— [p3 Y] (3-109)

The vector field J is called the angular momentum density. It differs from the conventional
definition of angular momentum density=r 3 ru in that it is independent of the choice of
origin and can have arbitrary direction. Uff falls to zero sufficiently rapidly toward infinity,
then kinetic energy may be expressedkas /dr® r u?/2 = fr® w3/2, wherew =D 3 u/2 is

the angular velocity, or vorticity (for rigid rotationsy| [does not vanish anbfinity and the

relation betweeru and J has opposite sign). Hence is the variable conjugate to angular
velocity for a Lagrangian which dependswanly through the (positive) kinetic energy.

Additional assumptions will be intduced in order to simplify the mathematics, and these
may limit the generality of the results.

3.6.2. Equation of Evolution
Starting from (3159), we define an angular potentf@lsuch that:

D2Q=-4r0 (3-109)
The static condition fo is:

p2Q- ¢?p%Q}=0 (f u=0) (3-106)
Define the spin angular momentum as:

St Q (3-107)
The static condition is then:

Dz{utS- CZDZQ}=O (f u=0) (3-108)

When motion is present, it contributes to the time derivative only through convectio@®S)
and rotation (v3 S):

DZ{utS- c’PD?Q +udS- w3 s}=o (3-109

This assumes that there are no veledipendent forces such as frictional damping. From here
on, we will consider only wavkke solutions satisfying:

1 S- c?P2Q +udS- w3 S=0 (3-110

For oscillatory solutions to this equation, the first two terms are always in hlf@e CZE)ZQ),

whereas the velocitglependent terms may have different phase. However, if the velocity
dependent terms do not add to zéren they must have the same phase as the linear terms:

u®dS- w3 S=WA(r)Q (3-112)
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where W2(r) is some function of position (more generalty?(r) could have different values
for each component @). Substitution yields:

WQ- c?P?Q+W(r)Q =0 (3-112

If W2(r) is constant and positive, thehis is the KleirGordon equation, which is ordinarily
associated with bosons.

Now our only remaining task is to solve for the velocity in terms of other wave variables. To
do this we note that, as discussed above, the wave equafidf) (Gan be written in terms of a
four-component complex Dirac bispingr () using the following identifications:

1 ~
IJtZQj ! EHtL/AS}V]
; 1 A
[P @]* - EC“JL/AW]
i ~ N
c*{p2 D2 Q}; * - —ca v 25 -y Ais |
2 (3-113
The matriceschys | are the Dirac velocity matrices, more conventionally denotexhas j -

The above identifications provide 7 constraints on the 8 free parameters of the Dirac
bispinor. In terms of bispinors, the rotational wave equatiatOS is:

ﬁL/AS}V]"'CUjL/Ab]}/]' i cej {M'LVAblskV +J/Af715kl1iy}
+uC'iDL/Asjy]- ekijka/As-Ly]:O (3-114)

Expanding the derivatives yields:
yAsjguTy +chi Dy +udy +w(§§y§+c.c.:0
(3-115

where (c.c.) represents the complex conjugate. The Hermitian conjugate wave function may be
regarded as an independent variafttee independent real and imaginary parts of the wave

function are linear combinations of elementg/ofand y A). Validity for arbitraryy A requires
the terms in brackets to sum to zero. This yields the Dirac equation:

Wy +coi®@y +udy +WdEy +ic y=0
2 (3-116)

where ¢ may be any operator withelproperty:

Ry’ icy)=0 (3117

Since ¢ has no effect on physical quantities, we assume it to be zero.
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Now we construct a Lagrange density. yLagrang

are:

pe plL _
My +aH =0 (3-118
u[ : p[pjy] W

A similar equation holds witly Areplacingy . The Lagrange density for rotational waves is
therefore:

L :Rei;é- iy'bpty +yA[- icblﬂc'i))]y +yAé'- iu®+w&§/g
I & 28 y (3119

Using the Hermitian conjugate of-@3.8) yields simplypl /uy A =0. The conjugate

momentum to the fielgr Ais Py, :

MMy (3-120)
We assume that we can neglect boundary terms in the integration by parts of:
rdriw s jdrd[D3 u]&G=riudps g (3-121)

The conjugate momentum fois:

Py =%=Re(—yAiDy)+

IDE]

=ru
(3-122)

This conjugate momentum was derived under the assumption than independent variable.
Identification of p, with ruis justified by the lack of external forces, implying that enters
the Lagrangian only through the kinetic energy.

Makingu a function ofy introduces a factor df/2:

A
L= Re{ |yA]Jy +yA[ |cbluGD]y +—§Qe(y by +2E)3y 2 H

(3-123
Variation of this Lagrange density determines the evolution of rotational waves:
Wy +chi @y +udy +iwC£y =0
2 (3-124

where velocityu and vorticityw =B 3 u/2 are determined from (20).

3.6.3. Dynamical Variables

Angular Momentum
Recall that the velocity is the curl of an origndependent angular momentum:
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1

u=—-~=3J= —E)3 L+S 3-12
o oD L+8] (3-129
We now identify the orbitaly; ) and spin (i) contibutions to velocity:

%93 L=- Re(yAiDy): ru,

1 (3-126)
593 S=rug

The incompressibility conditio® i =0 places an additional restriction on the wave function:
DOuL——DC[W Dy +ilpy 1y ]——1 %57 [DZJ/A yi=0 (3-127)
y

The usual definition of angular momentum depends on the choice of origin. If we define a
rotational velocity asug =403 r and note that the vortigitis the instantaneous angular

velocity (W =0 ), then from 24) the conjugate angular momentum would be:

— l'lL 3 i l°Q —
PG = _y -r3ib+—-uy =L +S
; U|Htu| I 2 y/

The quamityL:yA{-r3iD}y i s call ed t he 6orbitald ang
A, IS
=2y Aoy

angular momentum in this form has defied explanation, yet we have derived it from a simple
classical model.

(3-129

call edangbéeadsmomént um. Hi storical |\

Energy and momentum

In the Lagrange density defined above, the veledgigendent term isehrly the kinetic
energy density. This observation suggests that the Lagrangian has the form:

L :Re‘lé- iy’épty +yA[-icbll‘JC'iDb/ +%ru28:-E+U +K (3-129
| y

where £ = Re(iy A]Jty) is the total energyJ = Re(— yA[i chyl GD]y) is potential energy, and
is kinetic energy desity.

The Hamiltonian is the negative of the energy:

H=pw -L=y 1|cb1uGD+|uGD wdlgy ?U+

1
2y I > (3-130

Hamiltonds equation for th wave function i s:
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ury:“H: “H\ ?cbluGD uGD-le%
Hp, Ll[_U/A] i

‘<%C>

(3-131)

We can also define a Hamiltonian operator wityr =i Hy' (note opposite sign convention
from guantum mechanics):

H:icg5ada+iu®-wd;- (3-132

The Hamiltonian is a special cas'&?() of the energymomentum tensor:
Tnm — HL

Wy - Lay
o]

(3-133
The dynamical momentum density isrived from the orbital part of the angular momentum:

0_
T =R =-iy Ay (3-134)
This is identical to the momentum of relativistic quantum mechanics.
The sign of the Hamiltonian (and Lagrangian) is simply a convention. In analogy with plane
waves, the functiom:os(wt - kx) with w>0 is equivalent t@os(wt + kx) with w<0. We could

change the sign of the Lagrangian and Hamiltonianséiighreserve the sign of the momentum
by using covariant derivativesi,= (ut - |i1)). However, such a relativistic construction is

unnecessary and perhaps misleading sireane in fact dealing with Galilean spdaoee. The
energymomentum tensor components abd'\&= ( E, H) may still be regarded as a covariant

vector whose magnitude is theatar E? - P?. The equation of evolution is of course unaffected
by the choice of sign of the Lagrangian.

3.7.Electron Waves

fi éa great step would be made when we should be able to say of
electricity that which we say of light, in saying that it consists of
undul ations. 0

15 Sir George Gabriel Stokes, 1879

3.7.1. Free Electron Equation
The bispinor equation for angular momentum density is:

uTy:-cblL‘]C'iDy-uC'iD-iwC%y (3-135

A formal solution is:
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st .
y(r,t):exnffpltge coi®- ud- iwc'%g'jy(r,to) (3-136)
[t € Y

3.7.2. Mass, Convection, and Rotation

Diracdos derivation of the mass term simply r
function satisfy the KleirGordon equation. One possible formulation would be:

Wy =-chi @y - i mgi ey Bly (3-137)
The secondrder equation is:

w2y =3 - rlgs ]y (3139

which is equivalent to KleiGordon if the wave function is an eigenfunction of the operator
[%3 E)]Z. The equivalent classical equation is:

ey Ay | =- Bl Ay |+ Toey g Abisi - v trs iy | &
+ &3 D]3yAb10y

which can be equivalent to Klef@ordon if nEE33 E)]3yAblﬂy = -\N2y Aﬁy :

(3-139

Dirac Equation
Diracbés choice of mass term differs from the

Wy +choi @y =-iWby (3-140
whereM = mecz/>. Other representations of this equation are:
ny +cU®y =-iwp y (Dirac'soriginal notation)
Puy +cgra@®y 1 gy =-iWy  (Relativistic quantummechanicsiotation)
(3-141)

Inquantumme hani cs, Pl aappekrd expligtly in the opemators and the wave
function is normalized to one for tipairpose of computing correlations. However, physically it
is more sensible to normalize the wave functior tso that it is clear that the wave function
describeghe evolution of angular momentum density. One can still compute correlations, of
course, as we will see later. For consistency with traditional quantum mechanics, we will include
the factor of> in our equations.

The equation for spin angular momentum density is simply:
wly Ay |=- 0l Aoy |+ ey juy Abisi - v Asiy (3-142

which we interpret as an ordinary wave equation (the convection and rotation terms are
presumed to cancel):
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KQ=c’p[p@]- ¢*0 [p2 Q]=c’P%Q (3-143

Di rsachoice of mass term eliminates the mass from the sewded wave equation. One
consequence of this choice is that the rationale for quantization via soliton waves is lost. So
whil e Diracés equation can be us @b iticannode s cr i
explain the existence of discrete particles.

Dirac also assumed that stationary states have the form:
. E
by =-iy (3-144

which has the formal solution:

A

y(r,t):exp‘llé- (- to)-ygy (r to) (3-145

This solution is puzzling because the phase variation represented by the energy eidgenvalue
does not correspond to any actual oscillation in real space. The phase simply cancels out when
computing observables. A more reasonable starting point would be to neglect gradients in (3
135) to get:

y(r,t):expf- iwd;i(t- to)-yay (r.to) (3-146

If the wave function is a spin eigenfuncti(ms/Z)y =sy , with eigenvale s, then the exponent

can be treated as a scalar, as in quantum mechanics. The energy eigenvalue would then represent
twice the rotational energyH=wG), consistent with an equipartition of energy between
kinetic and potential energy. In this case there would also be no real oscillation. However, we
can make thisesult sensible by assuming it to be an approximation. We suppose that the wave
function is not exactly an eigenfunction of spin, so that there are oscillations in real space. For
example, the spin direction may rotate at a rate small compared to theudagoii angular

velocity. For example, one can envision concentric spherical shells wobbling rigidly so that the
top and bottom points from the equilibrium position rotate in circles aboutdles zyielding a

net average angular momentum. But we assilvaiethe approximation of spin eigenfunctions is

valid for the purposes of computing eigenvalues and correlations between states.

Considering the lack of real oscillation in conventional quantum mechanics, it is interesting
to note that physicists in timeneteenth century, led by William Thomson (Lord Kelvin),
proposed a model of vacuum as consisting of a fluid filled with vortices. This model is called the
vortex sponge, and still attracts interest today. The model is also has relevance to the blehavior o
liquid helium. This model would eliminate the requirement of oscillation, since steady flows are
possible in a fluid. The model can also produce shear waves propagating among the vortices. But
the model is conceptually more complex that the elastic,swigve will not pursue it here.

If we neglect gradients in the electron equation, we have:

By =>Wby (3-147)
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which has solutions:y:[l 00 O]T and y:[O 10 0]T for E=>W, and

y :[O 01 O]T and y :[O 00 l]T for E=->W. For each sign dE, the two solutions
differ in the sign of thexg-componenb f s pi n. These sol utuipoon sa nadr e

Aspdiowno solutions. The garsdsduined & caresponditengatder i v e
and antimatter, respectively. We will now examine the relationship between matter and anti
matter futher.

3.7.3. Angular separation

Recall Diracds equation for a free particle:
Wy =-coli Dy - iWby (3148
The operatoifil @y can be factored:
o e .0, a e 0Qg
udy =s 4, +i—@3D[y =5, 4, - —
grriTdeRly =g Ty 5149
The twocomponent angular solutions of the eigenvalue equatiols~ |(+r2] =l=-1+k and

aQF |(r21 =- [I +2] =-1- k are well known €.g.(Bjorken and Drell 1964)), and are derived in

Appendix A. These two angular solutions are relatedshiF |(+n)1 :F(')

| m and yield opposite

eigenvalues of the parity (spatial inversion) operation.
These angular solutions may be combined to form two independent wave functions:

5 e () ==
y W21 SFimd ) 18 FRIag
rEFFC) g rgGF (b
tmt or l.m (3-150)
3.7.4. Velocity Rotation and Mass
It is instructive to compute the effect of mass on the wave velocity:
5 g Posy 8=y Fys | iy O]+ | iwiny Of pysy )
dt H
W . A : A ~
=-2; i (isiEf) v () s F |(,+m§
FG P A~
Zwr_szITr% [SISF +5r5|]F |(+m§
FG s A ~
- 4W_2 qr ?F I(+m F I(+mH
r ' (3-15))

The mass term represents a radial acceleration of &élve,wvhich is inward provided that the
appropriate sign is chosen f@v. This result implies circular propagation, consistent with the
explanation of the relativistic massergy relation given in Chapter 1.

104



3.7.5. Wave Interference and Potentials

Next we inveggate the origin of electromagnetic potentials. Certain observables (scalars and
vectors) should be additive when two waves are superposed. This implies that when two waves

¥ A andy g are superposed, the total wane has the prperty that:
YPGy T =y NGy Aty 5CY g (3-152)

for some linear Hermitian operat@. If we simply added the two wave functions, we would
have instead:

b A+y Bl a+ysl=y ACy a+y Gy 6 +¥ AGY 5 +¥ AGY (3-153

The additional terms are clearly not zero in general. However, they can be forced to zero by
introducing phase shifts to the weafunctions. Using a subscript zero to represent each wave
function in the absence of interference, let:

ya=exg-i [dB +p]/2)y AO
ye =exd- ida/2 go (3-154

The relative phasghift p could be distributed between the two waves or incorporated into
dp anddg, butwe willtreaty noas t he o6t ggds wtalve 66 ;aomudr ce wavebd

the condition below to hold even witthy, and dg equal to zero. Linear addition of the
observablés requires:

A A —
Y aGyetygGya=0 (3-155

If either wave function is an eigenfunction of some additive observable such as spin
(Gy a=1 ypnorGyg=1/ yg for some scalar ), then this result reduces to:

A A, _
Yaetyp/a=0 (3-156)
In terms of the unperturbed wave functions:
Y noexd- i[p+dn- asl/2y so+y goexdilp +da- 05]/2 a0 =0 (3-157)

If we interpret the quantity/ﬁyB as a tweparticle state, then interchanging the two particles
yields:

b el svirazaive (3159

This means that the twgarticle state is anBymmetric with respect to exchange of particles.
This symmetry is called the Pauli Exclusion Principle because it prohibits two identical fermions

from being in the same statg { =) yieIdsyﬁyA = -yﬁyA). Thus the Pauli Exclusion

Principle results from tharbitrary separation of the complete wave function into two
independent parts. In quantum mechanics, thefénwion state is typically constructed as:
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Y aB :yéyA-yﬁyB
’ V2 (3-159

so that the Exclusion Principle is automatically satisfied.

The constant phase shiff2 has no effect on dynamics. However, some observables

computed from these independent wave functions may differ from those of the free particle
wave. For example:

,VﬁoGJ/ A0 =V ﬁ[exd' idB/z)G exdi dB/z)]VA =y ﬁGN/A (3-160

Hence the effect of wave interference is to change the operator for wave packsim G to
Gh:

Gj =expl- i dg /2)Gexplidg /2) (3-161)
Applying this rule to the operatogg andH yields:

{ue +[expl- i dg/2)u expli dg /2)} v o = expl- idg/2)i H expli dg /2)y A

(3-162
Heicotid+iud- wd
> 2 (3-163
Substituting the general form of the Hamiltonian:
é | [4} é .. | .. [
A +— g Vg + LS ®+—-chs Dag Vi
gt HB b 8[71 > by By B
+guA+uB)®+l_2(uA+uB)®dB§/i3+i(‘#A+‘#B)C§2‘yB:0

(3-169)
Substituting the mass term for the free electron:
é | 7] é .. | .. [
U + =0 W A+ LS D +—-chs DaR )
gt HBY A gbl > by Bl A
+§‘B®+I—(UA+UB)®C/B§/A+I—[SC#B]VAHW@/A:O

2 2 (3-165

Since we are interested in the effects of the phase shift, we will neglect the extra terms which are
independent oflg (without explicit justification). We then define the electromagnetic potentials
as:

Ca1. EDO'B
S0 T2
SF v L - e A

(3-166)
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Although the vector potentid is a gradient, its curl (the magnetic field) may be nonzero
becausedy is a phasangle which may be muitialued. For example, the multalued

function d = arctarfx, /%) has gradient components:

X2

Wdg = -
|x12 + X5 |:1/2:

X1

Hodp =
2, 2|v2
|X1 + X2| (3-167)

The curl of this gradient is clearly na@ero. See Kleinert [2007] for a discussion of muéiued
potentials in electromagnetism.

With these definitions, the electron equation in thesg@mee of another wave becomes:

th +i§F§/A+§;bls®- igblsd\g/AHng/A:O
(3-168
Hence electromagnetic potentials result from waverference under the assumption that
different wave packets are independent. The above analysis is not very precise, however, as we
neglected changes in medium velocity and vorticity, and did not specify which observables
should be additive (total momemh density and total angular momentum density should both
have this property). A complete analysis of particle interactions would require knowledge of the
soliton wave functions of each particle.

Setting>y o =1 Hy , the modified Hamiltonian is:

H=-eF +ichid+chiEA - Whs
c (3-169

Multiple source waves may be treated sequentialligast as a first approximation. For a
given test wave, make it independent of the first source wave as above. Then take the modified
test wave and make it independent of the second source wave. Repetition of this process for all
source waves results ingladdition of phase shifts or equivalently, the addition of potentials.

Matter and antmatter solutions are assumed to yield opposite signs of phase shift. One may also
infer that soliton waves with identical lomgnge (electromagnetic) potentials (g@gsitrons and
protons) also have identical bispinor wave functions at large distances from their centers.

In quantum mechanics, it is necessary to treat various wave packets as independent
Oparticl eso. However, wi tayhbe simpted tassheeithe al wav e
single equation for the total angular momentum density, then decompose the solution into soliton
Oparticlesd for comparison with experiment.

3.7.6. Lorenz Force
In terms of electromagnetic potentials, the modified Hamiltonian is:

v|I

=gF - ico 0D - bo GA - iuc'b)+wc'$21=q|: -ichi@® - byl @A +Wbg (3-170
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Recalling theu-dependence offF and w (and our change of sign of H}he conjugate
momentum for is now:

d dH—-y l|D+uny+ru po-gA+q
"] ] (3179
wherepg =y - iB}y is the free particle wave momentum.

The time derivative of any observalf)as:
w2y | =y Ay +y Ay +y Al =y AilH.Ql +y AuQy (3172

An example of this is the force density. Substituting the linear wave momentupnyfelds the
Lorenz force law:

_Aééoéq_a o0 . @ qu 0
= D couG Ay- BgF - cou®@ s~ Ay- ——A
Hp =y "TDEbI O Ay~ B 180[1031/
=y .cb1u3§> qA paF - IH Al yAecbluqu+unv
CH y (3-173

whereE andB are the usual electric and magnetic fields, respectively. Hence the Lorenz force
has a straightforward interprétan in terms of classical wave interference.

3.7.7. Magnetic Moment
The equation of evolution in electromagnetic fields is:
[ +igF +co0®D +igh iRy =-iWbgy (3-174)

Using twocomponent spinors withy :[Vl,yZ]T, this equation can be separated into two
coupled equations:

[ue +iaF g +[cd®- g Ry, =- iwy,

. . 317
[ +igF ]y +[ci@®- iqa ]y, =iwy, (3179
Lety, 1 exp- iWt)c; andy 5 =exp(- iW)c,. Substitution yields:
b +i6F ]y +[ci - i?q_o\]_czozuo (3179
[pt +igF - 2i M]02 +[cuGD- |qu0\]cl =0
Next, assume thdﬁut +i GF]CZ| < 42iWe,|. This yields:
[ +iF oy + [ - iqd AJcd @ - iqd CA] (3177

2iW
This is the Pauli equation, which was the first equation to incorporate electron spin.

si oD - oAlidicD - oA
2W

gy =

__/(D

+gF y01 (3-178
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Using the commutation relations for the Pauli spin matrices:

0 icD- gAladicd- aAe; =si[- icw - aAls |- icu; - aAler

={[- icp; - aA ] + ey is[-icy - qA][— icuj - A 1}01 (3-179
:{[' icy; - A - cof CB}Cl

Substitution yields:

5 R
i > 1 —>?[ I cl; - qZAV]\/ CqUCIB+qFEc1 (3-180

This equation is of course simply an approximate equation for two components of the Dirac
wave function. Nonetheless, it istuktorical importance because it was used by Pauli to include
effects of electron spin. Without the spin term, the resultant scalar equation is the one
Schrédinger first used to compute the hydrogen energy levels:

2 ~ e 2 ~
|>pry—>?[ o - GA] (q/>)|:ﬁy fp roFly (3-181)
i 2W f 2mc?
Y Y
Schr°dingerdés equation is currently the <conyv

mechanics. Althouglsimpler than the Dirac equation, it is far less intuitive. Both Lorentz
invariance and the connection with spin angular momentum have been lost.

In a weak, uniform magnetic field with =By 3 r /2, we can neglecA2 to obtain:

f,- 0% sicdBo? - cal By . f

i > Cq = 1C
M1 =1 oW P
s . (3-182
. . o [E ¥ 3
S ELCILL GRIDLS WS I O T eI N
f 2W i’/ i 2m 2mc f/

The final form with the spin angular momentum operasor {i/2) is obtained by

comparison with the angular momentum operatet28. This result is significant because it
shows that, in this approximation, the coefficient of spin angular momentum is twice the
coefficient of orbital angular momentum in the electron magnetic moment:

=- —[L + 28]
(3-183

A free electron withg=-e, L =0, and|S| =1/2, has magnetic moment equal (within 0.1%)

the Bohr magnetoe>/2mc =5.78% 10"° eV/T.

3.7.8. Spin Waves
Consider the equation for the evolution of spirl(¥):

109



I S- c?P?Q +u @S- w3 S=0 (3-184)
If we neglect the spatial gradients, we have:
M S=w3 S (3-18H

The vorticity is given by:

1 1 & e@;\. ) 1 @
w==DP3u=—D3 - ReyiDy |+ =D3 S;
2 2r 8 4 2 H

(3-186
Keeping only the term involving spin yields:
wS=—p3fpsgss=- Lp2sss
4r 4r (3-187)

This equation descr ipbens wahvee 6s,i myhliecsht ifsorcno nonfo nd yo6 so
materials.

3.7.9. Measurement Correlations

In 1935 Einstein, Podolsky, and Rosen suggested a thought experiment intended to
demonstrate that quantum mechanics was not a complete theory. The idea wasdlest part
generated in pairs could be subjected to independent measurements which are not quantum
mechanically allowed on single particles (dug.to the uncertainty principle). However, when
actual experiments were performed they supported the quantummuativéew that physical
guantities do not have specific values until they are measured.

It is widely believed that the correlations between polarization measurements of entangled
particles cannot be predicted classically. This belief is based on comegla¢idictions using an
equation of the form:

Pa,b) =A@, /1., 1 )B(0, 1 1eeesd ) (4] ) 1.0 (3-189

where /; represent variables which describe the state of the syste(m,,...,/n) is the

probability distribution of these variablea,andb are the measured polarization directions for
the two entangled particled, andB are the theoretical outcomes of the measurement (x1), and
P(a,b) is the correlation.

John Bell [1964] proved that quantwarrelations cannot be represented in this form. In
particular, he proved that for three different measuren#k(alsél,...,/n), B(b,/l,...,/n), and
clc./qv0l n):
1+P(b,c)? |P(a,b)- Pla.c) (3-189

This condition is violated by quantum mechanical (phgsically observed) correlations, which

can be measured using two or more particles whose spins are constrained. For example, if a pair
of spin ¥ particles is produced with opposite spin, the correlation between their spin
measurements by detectors orezhtwith relative anglg is:

Poair(/ ) =- coy (3-190
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This correlation violates Beldbadcarendi ti on.
orierted at angles Qp/4, and3p/4, respectively, then:

P(ab)=P(p/4)=- Y2
P(b,c)=P(p/2)=0

3-197
Plac) = P(30/4) =112 &35
1+P(b,c) <|P(a,b)- P(a.c)
The fact t hat actual measurements violate Be

derivation does not conform to reality. One explicit assumption is that there is no
communication, instantaneous or otherwise, between the two detectors. Many have interpreted
violation of Bel | 6 smstantaneaygomrhunitatiop betwan the deteadoesn c e o
(nonlocality), but there is no direct evidence that information can be transmitted instantaneously.

We will leave this issue unresolved, but point out that the integiE88Bis questionable.
For exanple, if some parameters are complex numbers then the integral is edepaurdent
and may be ilidefined. Furthermore, the wave model of matter is also nonlocal insofar as each
Aparticled is actually a spatially extended w

An alternative formution utilizes conditional probabilities. L& B; represent the four

possible measurement outcomes at detectors A ad B;, A B., A.B_, andA_B,.Defining
Pr(x) as the probability o%, the correlation may be written as:

P(a,b)=iéjjABj P{A AEBj)=izajABj Pi(A)PB, |A-):%iajA-Bj P, 1A) (3-192)

We will use this form and assume that the conditional probakﬁh@j | A )= Pl{A- | Bj)

is proportional to the squared correlation between spinor eigenfunctions separated by the rotation
angle between the measured states.

To compute the correlatioretween two bispinor wave functions, consider the following
properties: First, the magnitude of the wave function must be sexdedin each of the
components and positivaefinite. Therefore:

vi=v'y (3-199

Second, physical variables are bilinear in the wave function. Therefore it is the squared
magnitude which is of physical interest. The-normalized correlationP, between two

(2
functions must be defined in such a way that the squared PM is theself-correlation:

PO(VAUVB):‘VQVB

Dividing by the magnitudes of each wave function yields the normalized correlation

2
‘ (3-194

111



Pl aye) _ L/AVB‘ )
PV are): LVAJ/A“VBVB‘ LVAVA‘P/BVB‘ 19

The correlation between states related by rotaFR@ﬁ) about an axis perpendicular to the spin
Is:

2

‘VAR(G)V‘ = cosZL (3-196
2

The correlation for angléplt- (i) is cosz[(p -/ )/2] = sinZV /2].

Assuming that spin measurements are coincident ecainicident in proportion to the
correlations between the spinor wave functions, the correl&jdoetween spin measurements

separated by anglé is:

P=

PS(/'):FJ’,(/')-Fj,(p-/):coszLZ-sinzLZ:cosi (3-197)

In the case of pair production in ERye experiments, the spins of the two particles are
opposite (changing to p-/ above), thereby changing the sign of the correlation. Hence we

are able to derive the quantum correlations from some simple assumptions, though this is by no
means a definitive resolution of the EPR paradox.

3.7.10. Quantum Mechanics
In the preceding section we computed the correlation between two states related by rotation.
The two states may be denoted}bﬂr,t) and R(j )y (r ,t). The correlation at a given position
and time is given by (396). A more global correlation between two wave functignér,t)
and y 5(r,t) at a given time is obtained by integrating over space:

‘ﬁ/ﬁ/zd3‘ ‘ryﬁyld r‘
‘ﬁ’f)’ld rHﬁ/ﬁfzd r‘ ‘ﬁ’f)’ld rHﬁ’ﬁ)’zdg‘

The correlation between spin ehalf states is nonegative, and the correlation of a wave

function with itself is unity. These properties provide the basis for a probabilistic interpretation

of the wavefunctions. A given wave function may be decomposed into multiple wave functions
(states), and the correlation between the wa
guantum mechanics, this correlation is interpreted as the probability of detbetirsgate with a
measurement.

P=

(3-199)

This means that correlations between physical states (as opposed to measurements) are equal
to the square of a complex amplitude. This fundamental property of quantum mechanics has
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mystified generations of physicists. Yet wen now see clearly that this property of matter is due
to the simple fact that independent wave states are 180 degrees apart.

Temporal evolution of the wave function is expressed as:

o

y(r.t)= exrge |t;H(r t)d tg/(r,tl)
9 b * (3-199
Therefore the correlation between an initial s}a{(z(,tl) and a final state an,rdz(r,tz) is
5t 5 2
rjyzexpae i nH(r t)dt tY4 d3r
P(y »(t2) 1y 1(t1)) = ¢ - (3-200)

sy b

In quantum mechanics, the states are normalized to one:

— Y
Yi=s———5
R 12
d3
‘ﬁ/ﬁ/ r‘ (3-20))
Dropping the primes, the correlation integrals are then written in the form:
.2
Pl o)y 1) 1y 2y 1) = (1)t ) (3:202

In quantum mechanics, this correlation represents the probability density for the initigd state
to evolve into the final statg .

Any physical process can be analyzed statistically in terms of complex amplitudes such
as described above. If different possible final states are distinguishable, then the joint probability
is obtained simply be adding each of the separate probabilities. However, if different possible
final states are indistinguishable (e.g. one electron or a different electron reaching a detector),
then the joint probability is computed by adding the amplgwated only then computing the
magnitude. In the wave model, this rule is explained by the fact that indistinguishable particles
(e.g. two electrons) are wave packets with the same frequency characteristiceMNiaal
particles, which have different fyjgency characteristics, have variable phase between the two
waves and therefore any interference between the two waves would average to zero.

3.7.11. Fermions and Bosons

Particles whose correlations are compauted ac
in honor of the physicist Enrico Fer mi. Ferm
particleso of nature. These include electrons
the Pauli exclusion principle was derived from the assumptidrirtbaarticle wave functions
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were eigenfunctions of an observable (e.g. spin). If this is not the case, then there is no exclusion
principle.

Particles which can be superposed are call ed
Bose. Examples includgghotons angb mesons. Multiple bosons may coexist with each in
exactly the same state (and same position). In quantum mechanics the bepartitowave
function satisfies:

A A, _
Ye-Yp/a=0 (3-203
This condition is always satisfiedf 5 =) g, S0 there is no exclusion principle for bosons.

To see how spin is related to statistics, consider a massless photon which in the plane wave
approximation satisfethe equation:

W2Q- c?P?Q = (ut - clEC'iDXut +C|E®)Q (3-204)

Either (ut +dEC'iDb =0 or (ut - cIEC'iDb =0. In either case the vect@ obeys a convection

equation and isherefore the quantity used to compute correlatigpsis a vector, which
transforms under rotation with spin one. Multiple photons can be superposed simply by adding
their Q values without the interference associated with spinors.

For another example, supge fermion#\ andB are somehow bound together with a joint
wave functiony g Which satisfies the exclusion principle:

y :,VéVA‘J/ﬁVB
AB V2 (3-205)

If we use y 5 g to compute correlatits with an identical particle composed of fermiétgnd
BNjve have:

A A
Y aBY AiBi ~ Y aiBY AB

:EQ//AA}/B'J/QVA@/QQ’A;'YQJ/&S_g/ﬁ#/Bi'J/éiVAi@éVA'yﬁ}/Bg:O
¢ Y2 @ Y2 ge V2w 2y

(3-206)
Hence composite particles formed from two fermions behave statistically like bosons.

In the Standard Model of Physics, the viewpoint is that fundamental particles are fermions
which interact through fields, and particles associated with the fields anesbd®ge have seen
how this interpretation can arise from an underlying classical wave process.

3.7.12.  Prior Knowledge and Statistics

|l nterpretation of qQquantum statistics can be
The cat is placed in a box which ¢ams a radioactive element, a radiation detector, and a
poisonous gas. If the detector is triggered by a radioactive decay then it will in turn trigger the
release of the poison and thereby kill the cat. According to quantum statistics, at any given time
there is not merely a chance that the cat will be dead or alive, but the mathematical description
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involves a complex amplitude for each possibility. Just as electron statistics were described
above by a complex super positteisgn tdfe csapiors dm@ma
by a complex superposition of 6alived and Ode
that the cat is in a superposition of living and dead states, which is rather absurd.

There are different ways to resolvestiparadox, but the simplest resolution is to say that the
cat really is either dead or alive, and not both. The complex amplitude merely indicates our
knowledge (or lack of knowledge) of the situation. Physicists previously rejected this logic
because thegever realized that classical statistics (e.g. the probability that the cat is dead)
should be computed in exactly the same manner as the quantum statistics. The Copenhagen
interpretation of quantum mechanics posits that the statistical interpretati@anfmplex wave
function is also the physical interpretation (i.e. there are no deterministic physical variables
because if there were then their correlations would be computed differently). However, we can
obtain the same correlations without the bizarterpretation that the cat is partly alive and
partly dead until we open the box.

3.7.13. Hydrogen Atom
The proton produces a Coulomb potenteff (= - Zez/r ). Neglecting the vectgrotential in the
electromagnetic electron equationrl(@9) yields:
gpt +ioF +cb1&®§/ =- i Why
g (3-207)
Assume as before a temporal eigenvaluygs =-iEy , and assume that the angular
eigenfunctionFl(JrrZ] has even parity andét |(r21 odd parity. A wave function of the form (+)

yields the coupled radial equations:

e e e kg

E-F-Wh+ch, +~%F =0

ST R Y

e € e kg

E- SF+WF-cy, - “%G=0

& > H ng rH (3-209

Solutions to these coupled equations are obtained as follows (e.g. Schiff 1968):
For larger the asymptotic equations are:
[E- WG +cu,F=0

[E +V\4F - Cp.rG =0 (3_209)
which combine to yield:
lEZ - V\IZJF + CZHrZF =0 (3_210)

We are seeking a bound state with? <W?. Therefore the asymptotic behavior is

F~ exp- ar) with a * \/[VVZ E ]/02 :
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Now let:

F(r)=f(r)exd- ar)
G(r)=g(r)exp(- ar) (3-211)

The coupled equations become:

Y

e € e kg
fE-—F-V\/?g+c' -a+—f =0
& s T Ty

~

e e e kg
E- °F +Wof - ¢S -a-—0=0
S - AT

Assume that andg can be written as power series:

(3-212)
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(3-213
Let g* Ze2/>c and match powers of

[E- Wg,. ;- caf,, 1+ &g, +[s+n+4]f, =0

[E+Wf,.1 +cag,., +gf, - ds+n- k]g, =0 (3-214)

We can eliminate thér - 1) terms to get a relationship betweén and g,, .

{[E- Wds+n- k]+c%a bn :{[E- W - czav[s+n+k]}f,7 (3-215

which for largen becomes[E- V\:]g,7 =-caf,.

Forn=0:

gdo +[s+4]fo =0

gfo- [s- Klgo =0 (3-216)

The determinant for these coupled equations must be zero. This condition yields a solstion for

=k - (3-217)

Recall that the actual wavenction contains an additional factor of 1Therefore we choose the
positive sign here so that the solution is regular (or only slightly divergef}td) jat the origin.

Using the relation between coefficients derived above, the asymptotic befoavésgen is:
- 2af,7_ 1 +/fn =0
2agy,.1- g, =0 (3-219
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The ratio between successive terms matches the Taylor series expansion fmexp(2
o]
exp(2ar)= & %[Zar]"
n=0" (3-219

If the series proceeds to infinitethen the wave function would be infinite at large values. of
To make the wave function finite, the serrasst terminate at some finite value /of Calling
this valuen', Eq. (3214) yields the relation between the highest coeffiigen

cagy, =-[E+Wfy, (3-220

Combining this relation with eq. {315 yields an expression for the characteristic frequencies:
2
Eg=cs+nija = s+ niw? - E2 (3-221)

Solving for >E :

>E = >\/\,{1+ &/[s+ ni]z}_ v (3-222

These are the discrete energy levels of an electron in a Coulomb potential. The faetor of
which relates energy and frequency, is assumed to be the integral of the squared wave function.

Denote the energy by2! >E and mass bymec2 1 SW. These energy levels were actually
derived by Sommerfelfl916a] using the model of a relativistic particle propagating in elliptical
orbits.

There are two main sources of discrepancy from the actual hydrogen energy levels. First,
we assumed a static potential, implying that the nucleus is unaffected by tbacpres the
electron wave. By analogy with particles we can improve the calculations by replacing the

electron rest energypW= mec2 with the dred u>We:(d:2merm§/{rr§ -E‘)mp]e,n ergy

where my, is the proton mass. Second, we have neglected any effects of the magnetic vector

potential.
The energy levels are typically classified using a positive integer principal quantum
numbem and positive halinteger angulaquantum numbed * & - 1/2:

1

n=J+_-+nj
(3-223

In terms of these quantum numbers the energy levels are:

¢ ot

2

e=swi1+ J b

Do g-2+ [0 +12?- 422 )

I e Y (3-224)

Table 3-1l compares measured exgy levels (relative to the ground state) with energy levels
calculated using this formula. The configuration lahbal)(includes the principal quantum
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numbern followed by a letter code for the orbital angular momenturs=0, p=1, d=2, f=3, etc.
Notethat the formula above does not distinguish between differealues for the sameandJ.

While the agreement with experiment is good, it must be noted that the assumed Coulomb
potential is simply empirical (as it is also in conventional quantum thebry) a complete
theory the potentials of the nucleus should be derived from its free particle wave function.

Configuration J
1s 1/2
2s 1/2
2p 1/2
2p 3/2
3s 1/2
3p 1/2
3p 3/2
3d 3/2
3d 5/2
4s 1/2
4p 1/2
4p 3/2
4d 3/2
4d 5/2
Af 5/2
Af 712

n- o

Table 3-I Measured and computed hydrogen energy levels.

Measured Level (eV)

0
10.1988101
10.1988057
10.1988511
12.0874944
12.0874931
12.0875066
12.0875065
12.0875110
12.7485324
12.7485319
12.7485375
12.7485375
12.7485394
12.7485394
12.7485404
13.5984340

0
10.1988390
10.1988390
10.1988843
12.0875263
12.0875263
12.0875397
12.0875397
12.0875442
12.7485650
12.7485650
12.7485707
12.7485707
12.7485726
12.7485726
12.7485735
13.5984671

Level Computed from (3-224)
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3.8.Symmetries
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3.8.1. Spatial inversion

Spatial inversion (conventionally called the parity operatynhough we will use the letter
M for mirroring) is the proess of inverting the three spatial axes. This operation corresponds to a
mirror image followed by a 180 degree rotation about the axis perpendicular to the mirror. Since
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generally taken to mean that when spatial inversion is applied to any physical process, the
resulting process is equally frequent in nature. Paritiatton means that a process and its
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